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ABSTRACT This paper researches recursive consensus filtering in networked systems affected by random
transmission delays under edge-based event-triggered schemes. The study introduces a dynamic edge-
level triggering rule to streamline data exchange and alleviate the network’s communication burden. The
information incompleteness due to delays is address by transforming the time-delayed observation system
into an observation system with zero-time delay through virtualization and rearrangement of the observation
sequence. Based on this, a novel consensus filter is proposed, with consensus gain parameters optimized
through minimizing the upper bound of the estimation error covariance. Ultimately, this research sheds light
on innovative strategies for enhancing consensus filtering in networked systems with random transmission
delays.

INDEX TERMS Consensus estimation, edge-based event-triggered schemes, random delays, virtualization
and rearrangement.

I. INTRODUCTION
In recent years, there has been a surge of interest in networked
systems due to their diverse applications across various
sectors such as environmental monitoring, target tracking,
smart grids, navigation, and industrial automation [1][2][3].
Compared with traditional point-to-point estimation archi-
tectures, networked sensor systems possess advantages, for
instance, they are flexible to deploy, easy to be installed, have
low maintenance cost, and boast strong scalability [4]. In such
systems, multiple sensor nodes collect local measurements
and exchange information through communication networks
so as to estimate the state of a dynamic plant. Conse-
quently, reliable state reconstruction is a fundamental task
in networked-system analysis and design [5][6]. According to
the way information is processed, estimation strategies over
sensor networks can generally be divided into centralized and
distributed approaches. A centralized architecture forwards
the measurements collected by every sensor to one fusion
center for global processing. Although this architecture can
make full use of the available measurement information,
it usually requires high communication bandwidth and is
sensitive to the failure of the fusion center [7]. By contrast,
distributed estimation allows each node to generate its own
state estimate by using local measurements and information
received from neighboring nodes. Distributed estimation is
therefore better suited to many wireless sensor networks

because it improves communication efficiency and energy
saving while robustness and scalability [8]. However, the
introduction of communication networks also brings vari-
ous network-induced phenomena, including packet dropouts,
random delays, limited bandwidth, fading channels, and
data congestion [9][10][11][12]. Among these phenomena,
random transmission delays are especially important in
networked estimation systems [13][14]. In practical wireless
networks, when the amount of transmitted data exceeds the
communication capacity, data packets may wait in buffers
before being delivered to the estimator. As a result, the
received measurement may correspond to a previous system
state rather than the current one. Such delayed information
may lead to incomplete real-time measurement information
and degrade the estimation accuracy. In addition, packet
dropouts may occur when the delayed data cannot be suc-
cessfully received. Therefore, it is meaningful to establish
a unified model that can simultaneously describe delay-free
transmission, delayed transmission, and packet dropout. To
deal with delayed measurements, literature reported several
approaches, including the state augmentation method, the
linear matrix inequality (LMI) method, and the measurement
reorganization method [15][16][4][17]. Among them, the
state augmentation method is straightforward, but it usually
increases the system dimension and leads to additional
computational burden.
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The LMI-based method can provide sufficient conditions for
stability or performance analysis, but the obtained results may
be conservative and are often not convenient for recursive
implementation. The measurement reorganization method
provides another promising way to handle transmission delays
by rearranging the delayed observations into an equiva-
lent delay-free observation sequence. Nevertheless, how to
fully utilize incomplete measurement information caused
by random delays while maintaining a recursive distributed
estimation structure is still a challenging issue. On the other
hand, communication resources in wireless sensor networks
are usually limited. If each node transmits information to all its
neighbors at every time instant, a large amount of redundant
information will be generated, which may increase communi-
cation cost and energy consumption. Event-triggered schemes
have been widely studied as an effective way to reduce
unnecessary data transmissions [18][19][20][21]. In tradi-
tional node-based event-triggered schemes [22], [23], nodes
transmit information to all neighboring nodes simultaneously
once a triggering condition is met [24]. Although this strategy
can reduce the communication frequency, it may still transmit
redundant information to some neighbors. To overcome this
limitation, edge-based event-triggered schemes have been
proposed [5], [25], [26], where the triggering decision is
made for each communication edge. Compared with node-
based schemes, edge-based schemes enable each node to
communicate with different neighbors at varying triggering
instants, providing a more flexible asynchronous communi-
cation structure. Motivated by the above observations, this
paper studies recursive consensus estimation for a class of
linear networked systems and take involves implementing an
edge-based event-triggered scheme to solve random trans-
mission delays issue. The random transmission status which
is modeled by Bernoulli variables enables the received mea-
surement model to describe delay-free transmission, delayed
transmission, and packet dropout in a unified probabilistic
framework. To overcome the incomplete information problem
caused by random delays, the delayed measurement sequence
is decomposed into virtual measurement sequences and then
rearranged into an equivalent measurement sequence without
delay. According to the rearranged observations, a local
minimum variance consensus filter is developed. Further-
more, a dynamic sender–receiver event-triggered mechanism
is developed for individual communication edges, which
effectively controls redundant information exchange between
neighboring nodes while maintaining the estimation perfor-
mance at a high standard. The main contributions are as
follows:
1. A unified probabilistic measurement technique is
constructed for networked systems which has random trans-
mission delays. By using Bernoulli random variables, the
proposed model can simultaneously characterize delay-free
transmission, delayed transmission, and packet dropout,
which makes the considered system model more suitable for
practical networked estimation scenarios.
2. A virtual measurement rearrangement method is devised

to tackle the issue of incomplete data due to random
delays. The delayed measurements are first decomposed into
virtual measurement sequences and then reorganized into an
equivalent delay-free measurement sequence. This avoids the
high-dimensional state augmentation procedure and provides
a convenient basis for recursive filter design.
3. A novel algorithm is developed for recursive consensus
estimation in a dynamic edge-based sender-receiver event-
triggered system. By utilizing relative state information and
a dynamic threshold variable, redundant transmissions are
minimized effectively. Through rearranged measurements,
the algorithm calculates optimal local minimum-variance
filter gain and consensus gain to minimize estimation errors.
This approach improves efficiency and accuracy in consensus
estimation. The paper is structured as follows, section II
presents the randomly delayed networked system model
and describes the edge-based event-triggering mechanism.
Section III presents the virtual measurement rearrangement
method and the preliminary results. Section IV develops the
recursive consensus filter and derives the corresponding gain
matrices. Section V numerical results will be presented to
showcase the effectiveness of the proposed approach. Finally,
Section VI provides a conclusion for this paper.

II. PROBLEM FORMULATION
The wireless network’s structure is defined by the graph
𝐺 = (𝑉, E), with 𝑉 representing the set of nodes and E
representing the set of edges (communication links). In a
directed graph, an edge (𝑖, 𝑗) (pointing from 𝑖 to 𝑗) indicates
the flow of information from node 𝑖 to node 𝑗 , with node
𝑖 considered as an in-neighbor node of node 𝑗 . Besides,
𝑁 𝑗 represents the set of all in-neighbors of node 𝑗 . In an
undirected graph, if node 𝑖 and node 𝑗 are both in-neighbors,
which means that there is an edge (𝑖, 𝑗) ∈ E, a weight 𝑎𝑖 𝑗
is assigned to each edge (𝑖, 𝑗) ∈ E, with 𝑛𝑖 representing the
number of in-neighbors of node 𝑖. This study considers both
directed and undirected network topologies within a general
graph framework. Consider the following networked system
model: {

𝑥(𝑧 + 1) = 𝐴(𝑧)𝑥(𝑧) + 𝐵(𝑧)𝑤(𝑧),
𝑦𝑖 (𝑧) = 𝐶𝑖 (𝑧)𝑥(𝑧) + 𝐷𝑖 (𝑧)𝑣𝑖 (𝑧)

(1)

where 𝑥(𝑧) denotes the state vector and 𝑦𝑖 (𝑧) is the observa-
tion output vector. 𝑤(𝑧) and 𝑣𝑖 (𝑧) are random disturbances.
𝐴(𝑧), 𝐵(𝑧), 𝐶𝑖 (𝑧), and 𝐷𝑖 (𝑧) are known matrices with
compatible dimensions. The random variables 𝑤(𝑧) and 𝑣𝑖 (𝑧)
are mutually independent, i.e.

Ê
{[
𝑤(𝑧)
𝑣𝑖 (𝑧)

] [
𝑤𝑇 (𝑧) 𝑣𝑇

𝑖
(𝑧)

]}
=

[
𝑄(𝑧) 0

0 𝑅𝑖 (𝑧)

]
(2)

where𝑄(𝑧) and 𝑅𝑖 (𝑧) are known parameters and have appro-
priate dimensions. Assumption 1: The primary conditions of
system (1) satisfy

Ê{𝑥(0)} = 𝑥0, Ê{(𝑥(0) − 𝑥0) (𝑥(0) − 𝑥0)𝑇 } = 𝑃0 (3)
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where 𝑥0 is a known vector, and 𝑃0 is a known shift-
varying matrix of appropriate dimension. Moreover, 𝑥(0) is
uncorrelated with 𝑤(𝑧) and 𝑣𝑖 (𝑧). Due to network bandwidth
limitations, when the data injection rate exceeds the communi-
cation link capacity, network congestion often leads to random
transmission delays. The estimator receives measurements
described by the following model:

𝑦̄𝑖 (𝑧) = 𝜁1 (𝑧)𝑦𝑖 (𝑧) + 𝜁2 (𝑧)
(
1 − 𝜁1 (𝑧)

)
𝑦𝑖 (𝑧 − 𝜍) (4)

where 𝑦̄𝑖 (𝑧) is the observed output at the estimator side and 𝜍
is the random delay. The random variables 𝜁𝑐 (𝑧) are mutually
uncorrelated and follow a Bernoulli distribution with{

Prob{𝜁𝑐 (𝑧) = 1} = 𝜛𝑐 (𝑧),
Prob{𝜁𝑐 (𝑧) = 0} = 1 −𝜛𝑐 (𝑧)

(5)

Remark 1: The random variables 𝜁1 (𝑧) and 𝜁2 (𝑧) are
used to characterize whether delay or packet loss occurs,
specifically, as stated in Appendix A, Eq. (A1). Therefore,
the proposed description can simultaneously characterize
delay-free transmission, delayed transmission, and packet loss
within a unified probabilistic model, making it more general.
Remark 2: Random transmission delays are common
network-induced phenomena in networked estimation sys-
tems. In practical wireless sensor networks, measurement data
are transmitted through communication channels with limited
bandwidth and unstable communication quality. When the
data traffic exceeds the available channel capacity, data
packets may have to wait in buffers before being delivered
to the estimator, which gives rise to random transmission
delays. Furthermore, transmission distance, channel conges-
tion, and unreliable wireless environments further exacerbate
the random nature of the delay. Random delays have a
direct influence on the estimation problem. The estimator
cannot always obtain real-time state information. This leads
to incomplete measurement information, which may degrade
the estimation accuracy. Under the sender–receiver ETS, each
communication edge is equipped with a trigger that decides
whether the sender’s state information is delivered to the
receiver. Both sending and receiving nodes jointly evaluate
the triggering condition for each edge. Let 𝑥 𝑗

𝑖,pri (𝑧) denote
node 𝑗’s real-time estimation of its neighboring node 𝑖’s prior
state estimate. Initially, the storer in the data packet scheduler
calculates 𝑥 𝑗

𝑖,pri (𝑧) and 𝑥𝑖
𝑗 ,pri (𝑧) using stored information.

The event generator then checks whether the relative state
mismatch satisfies the triggering rule assigned to edge (𝑖, 𝑗).
Accordingly, 𝑥 𝑗

𝑖,pri (𝑧) is updated according to one of the
following two cases, as stated in Appendix A, Eq. (A2). At
last, 𝑥 𝑗

𝑖,pri (𝑧) is transmitted to receiver node 𝑗 , updated in the
storage unit, and then returned to sender node 𝑖. To be more
specific, define the triggering-time sequence associated with
edge (𝑖, 𝑗) as follows:

0 = 𝑧
𝑖→ 𝑗

0 ≤ 𝑧𝑖→ 𝑗

1 ≤ · · · ≤ 𝑧𝑖→ 𝑗
𝑠 ≤ · · · (6)

The real-time estimation satisfies the following recursive
calculation

𝑥
𝑗

𝑖,pri(𝑧) = 𝐴 𝑧−𝑧
𝑖→ 𝑗
𝑠

(
𝑧
𝑖→ 𝑗
𝑠

)
𝑥𝑖,pri

(
𝑧
𝑖→ 𝑗
𝑠

)
(7)

within the storage unit shared by nodes 𝑖 and 𝑗 . The
communication error from node 𝑖 to node 𝑗 is defined as

𝑒
𝑗

𝑖,pri (𝑧) ≜ 𝑥
𝑗

𝑖,pri (𝑧) − 𝑥𝑖,pri(𝑧) (8)

The relative state information associated with edge (𝑖, 𝑗),
linking sender node 𝑖 and receiving node 𝑗 , is defined
in Appendix A, Eq. (A3). This quantity characterizes the
bidirectional information mismatch between sender node 𝑖
and receiver node 𝑗 . Based on the relative state information
𝜉𝑖 𝑗 ,pri(𝑧), the event generator associated with edge (𝑖, 𝑗) is
defined as follows:

F
(
𝜉𝑖 𝑗 ,pri(𝑧)

)
= 𝛾𝑖 𝑗

(
𝑎𝑖 𝑗 ∥𝜉𝑖 𝑗 ,pri (𝑧)∥ − 𝜄𝑖 𝑗

)
(9)

where 𝛾𝑖 𝑗 and 𝜄𝑖 𝑗 are given parameters. The forthcoming
triggering instant for edge (𝑖, 𝑗) is specified by the event
generator according to the rule in Appendix A, Eq. (A4),
where the dynamic threshold variable 𝛿𝑖 𝑗 (𝑧) is governed by
the following dynamics:

𝛿𝑖 𝑗 (𝑧 + 1) = 𝜌𝑖 𝑗𝛿𝑖 𝑗 (𝑧) −
1
𝛾𝑖 𝑗

F
(
𝜉𝑖 𝑗 ,pri (𝑧)

)
(10)

where 𝜌𝑖 𝑗 and 𝛾𝑖 𝑗 are the pre-assigned scalars, and 𝛿𝑖 𝑗 (0)
denotes the prescribed initial value of the positive dynamic
variable 𝛿𝑖 𝑗 (𝑧) > 0.
Remark 3: The dynamic event-triggered mechanism is
employed to suppress redundant transmissions while im-
proving estimation accuracy in the networked estimation
process. Unlike a static event-triggering rule with a con-
stant threshold determined solely by preset parameters, the
dynamic mechanism uses an auxiliary variable to adjust the
triggering condition according to the evolution of the system
information. Therefore, when the estimation disagreement is
small, the triggering condition becomes harder to satisfy,
and redundant transmissions can be avoided. When the
disagreement becomes large, the communication can still
be activated to preserve the estimation performance. In
this sense, the dynamic event-triggered mechanism provides
a more flexible tradeoff between communication cost and
estimation accuracy.
Remark 4: As indicated by (9), the event generator function
is primarily governed by the system parameter ∥𝜉𝑖 𝑗 ,pri(𝑧)∥,
with parameter 𝑎𝑖 𝑗 assigning weight to ∥𝜉𝑖 𝑗 ,pri (𝑧)∥. In (9),
the parameter 𝜄𝑖 𝑗 serves as a balancing factor to regulate
the triggering frequency. When the number of triggers is
excessively high, increasing 𝜄𝑖 𝑗 can significantly reduce
the triggering rate, albeit at the cost of a slight increase
in estimation error. The parameter 𝛾𝑖 𝑗 acts as a scaling
factor; a larger 𝛾𝑖 𝑗 results in a higher triggering frequency.
Furthermore, (A8) shows that 𝜌𝑖 𝑗 is bounded within (0, 1).
According to (10), as 𝜌𝑖 𝑗 approaches the upper limit of 1, the
number of triggers tends to decrease.
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III. PRELIMINARIES
A. VIRTUALIZATION AND REARRANGEMENT OF
DELAYED OBSERVATION SEQUENCE
As indicated by (4), random delays cause measurements to
fail to capture the current system state, leading to incomplete
real-time information for state estimation systems. To mitigate
this issue, we propose decomposing delayed measurements
into multiple virtual measurement sequences, each governed
by an independent random delay process. The corresponding
equation is provided in Appendix A as Eq. (A5).
Remark 5: An inspection of the fictitious sequence (A5)
reveals that each horizon contains a single component, 𝑦𝑐

𝑖
(𝑧)

(𝑐 = 1, 2), which is regulated by 𝜁𝑐 (𝑧). This decomposition of
delayed measurements into distinct fictitious streams serves
to circumvent the prohibitive complexity typically associated
with state augmentation. Considering the existence of random
delays, the measurement received in each horizon of (4)
remains indeterminate. While (A5) introduces a fictitious ob-
servation sequence model, the composition of these sequences
differs from one horizon to another. Based on this, the original
delayed measurement sequence can be formulated as:
1) for 0 ≤ 𝑧 < 𝜍,

𝑦̃1
𝑖 (𝑧) = 𝑦1

𝑖 (𝑧) (11)

2) for 𝑧 ≥ 𝜍,

𝑦̃2
𝑖 (𝑧) =

[
𝑦1
𝑖
(𝑧)

𝑦2
𝑖
(𝑧)

]
(12)

In this context, all possible delayed observations within each
time horizon are organized into a sequence, referred to as the
original delayed fictitious measurement sequence. However,
since 𝑦̃2

𝑖
(𝑧) itself suffers from delays, the state estimation

information becomes incomplete. This issue renders invalid
both the filter structure derived from projection algorithms
and any pre-defined filter architectures. Therefore, this paper
aims to fully utilize this incomplete information and develop a
novel approach to cope with the difficulties caused by random
delays. To address the problem of information incomplete-
ness, the original measurement sequence is rearranged. Then,
we define a new measurement sequence as follows:
1) for 0 ≤ 𝜇 ≤ 𝑧 − 𝜍,

𝑦̄1
𝑖 (𝜇) =

[
𝑦1
𝑖
(𝜇)

𝑦2
𝑖
(𝜇 + 𝜍)

]
(13)

It is easy to verify that

𝑦̄1
𝑖 (𝜇) = 𝜁1 (𝜇)𝐶̄1

𝑖 (𝜇)𝑥(𝜇) + 𝜁1 (𝜇)𝐷̄1
𝑖 (𝜇)𝑣𝑖 (𝜇) (14)

where 𝜁1 (𝜇), 𝐶̄1
𝑖
(𝜇), and 𝐷̄1

𝑖
(𝜇) are defined in Appendix A,

Eq. (A6).
2) for 𝜇 ≥ 𝑧 − 𝜍,

𝑦̄2
𝑖 (𝜇) = 𝑦̄1

𝑖 (𝜇) (15)

It is easy to verify that

𝑦̄2
𝑖 (𝜇) = 𝜁2 (𝜇)𝐶̄2

𝑖 (𝜇)𝑥(𝜇) + 𝜁2 (𝜇)𝐷̄2
𝑖 (𝜇)𝑣𝑖 (𝜇) (16)

where

𝜁2 (𝜇) = 𝜁1 (𝜇), 𝐶̄2
𝑖 (𝜇) = 𝐶𝑖 (𝜇), 𝐷̄2

𝑖 (𝜇) = 𝐷𝑖 (𝜇) (17)

Remark 6: It is important to emphasize that this method
rearranges the virtual measurement information, thus achiev-
ing effective aggregation of all observation data reflecting
the real-time state of the system. This process fully utilizes
all available measurement information, thereby overcoming
the problem of information incompleteness. The following
lemma gives that the generation spaces of the rearranged
measurement sequence and the original observation sequence
are equivalent.
Lemma 1: The space generated by {{𝑦̄1

𝑖
(𝜇)}0≤𝜇≤𝑧−𝜍 ,

{𝑦̄2
𝑖
(𝜇)}𝑧−𝜍≤𝜇} is equivalent to the space generated by

{{𝑦̃1
𝑖
(𝜇)}0≤𝜇≤𝑧−𝜍 , {𝑦̃2

𝑖
(𝜇)}𝑧−𝜍≤𝜇}.

Proof. Based on the original virtual measurement informa-
tion, it is easy to know that 𝑦̃2

𝑖
(𝜇) is a linear combination of

{{𝑦̄1
𝑖
(𝜇)}0≤𝜇≤𝑧−𝜍 , {𝑦̄2

𝑖
(𝜇)}𝑧−𝜍≤𝜇}; one has

𝑦̃2
𝑖 (𝜇) =

[
1
0

]
𝑦̄2
𝑖 (𝜇) +

[
0 0
0 1

]
𝑦̄1
𝑖 (𝜇 − 𝜍) (18)

On the other hand, 𝑦̄1
𝑖
(𝜇) and 𝑦̄2

𝑖
(𝜇) are also linear combina-

tions of 𝑦̃2
𝑖
(𝜇), as stated in Appendix A, Eq. (A7). Now the

proof is completed.
Remark 7: Lemma 1 shows that rearranging measurements
and delayed fictitious measurements yield equivalent in-
formation spaces, preserving state information. Therefore,
projecting the system state onto either generated space
uses the same available information set, which guarantees
the validity of the subsequent estimator design. It should
be emphasized that the rearrangement only changes the
order and grouping of the existing virtual measurements.
No additional measurement is produced, no observation is
repeatedly used, and the original statistical assumptions on the
process noise, measurement noise, and transmission variables
are not changed. Hence, the rearrangement process does
not introduce extra noise correlations or information reuse.
Because the rearranged sequence preserves all information in
the original measurements while removing the delay terms,
the subsequent filter can be designed using the measurement
set {{𝑦̄1

𝑖
(𝜇)}0≤𝜇≤𝑧−𝜍 , {𝑦̄2

𝑖
(𝜇)}𝑧−𝜍≤𝜇}.

B. THE DYNAMIC VARIABLE PROPERTIES
Before presenting the main results, a basic lemma is given.
Lemma 2: For arbitrary vectors 𝑥 and 𝑦 and any scalar 𝛼 > 0,
the following relation holds:

𝑥𝑦𝑇 + 𝑦𝑥𝑇 ⪯ 𝛼𝑥𝑥𝑇 + 1
𝛼
𝑦𝑦𝑇 (19)

The following are assumptions about the trigger parameters.
Assumption 2: The triggering parameters satisfy the condi-
tions in Appendix A, Eq. (A8).
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Then, we present a lemma to show that the dynamic variable
is always non-negative.
Lemma 3: Under Assumption 2, for any (𝑖, 𝑗) ∈ E and 𝑧 > 0,
the dynamic variable 𝛿𝑖 𝑗 (𝑧) ≥ 0.
Proof. The proof follows from the preceding norm bounds;
due to space limitations, the routine derivation is omitted.
Lemma 4: The tight upper bound of the relative state
information ∥𝜉𝑖 𝑗 ,pri (𝑧)∥2 is established in Appendix A, Eq.
(A9), where 𝛿2

𝑖 𝑗
(𝑧) is defined in Appendix A, Eq. (A10).

Proof. In light of the ET condition (A4), one has

𝛾𝑖 𝑗
(
𝑎𝑖 𝑗 ∥𝜉𝑖 𝑗 ,pri (𝑧)∥ − 𝜄𝑖 𝑗

)
≤ 𝛿𝑖 𝑗 (𝑧) (20)

Then, by combining (20) and Lemma 1, we can obtain

∥𝜉𝑖 𝑗 ,pri(𝑧)∥2 ≤
1 + 𝛾𝑖 𝑗
𝛾𝑖 𝑗𝑎

2
𝑖 𝑗

(
𝛿2
𝑖 𝑗 (𝑧) + 𝛾𝑖 𝑗 𝜄2𝑖 𝑗

)
(21)

By using the updated dynamic threshold formula (10), and
then combining it with (A9), the bound in Appendix A, Eq.
(A11), is obtained. According to (A9) and (A11), one has

∥𝜉𝑖 𝑗 ,pri(𝑧)∥2 ≤
1 + 𝛾𝑖 𝑗
𝛾𝑖 𝑗𝑎

2
𝑖 𝑗

(
𝛿2
𝑖 𝑗 (𝑧) + 𝛾𝑖 𝑗 𝜄2𝑖 𝑗

)
(22)

This completes the proof. The upper bound on the relative
information established in Lemma 4 is essential for the
subsequent derivation of the estimation error covariance
matrix.

IV. MAIN RESULTS
A. FILTER DEVELOPMENT
The following multi-step consensus filter is
given using the rearranged measurement sequence
{{𝑦̄1

𝑖
(𝜇)}0≤𝜇≤𝑧−𝜍 , {𝑦̄2

𝑖
(𝜇)}𝑧−𝜍≤𝜇}.

1) for 0 ≤ 𝜇 ≤ 𝑧 − 𝜍,
The corresponding filter is provided in Appendix A as Eq.
(A12), where

𝜛̄1 (𝜇) =
[
𝜛1 (𝜇) 0

0 𝜛1 (𝜇 + 𝜍)
(
1 −𝜛1 (𝜇 + 𝜍)

) ] (23)

Here, 𝑥1
𝑖,pri (𝜇) and 𝑥1

𝑖,pos(𝜇) denote the prior and posterior
estimates of the system state 𝑥(𝜇), respectively. Moreover,
𝑥

1,𝑖
𝑗 ,pri (𝜇) and 𝑥1, 𝑗

𝑖,pri(𝜇) represent the real-time estimates main-
tained by nodes 𝑖 and 𝑗 of their neighboring nodes’ prior
estimates, respectively. The matrices 𝐾1

𝑖
(𝜇) and 𝐷1

𝑖 𝑗
(𝜇) are

consensus estimation gains to be determined. The estimator
is initialized by 𝑥1

𝑖,pos (0) = 𝑥0.
2) for 𝜇 ≥ 𝑧 − 𝜍,
The corresponding filter is provided in Appendix A as Eq.
(A13), where

𝜛̄2 (𝜇) = 𝜛2 (𝜇) (24)

Here, 𝑥2
𝑖,pri (𝜇) and 𝑥2

𝑖,pos (𝜇) are respectively the prior and
posterior estimates of the system state 𝑥(𝜇). In addition,

𝑥
2,𝑖
𝑗 ,pri (𝜇) and 𝑥2, 𝑗

𝑖,pri(𝜇) represent the real-time estimates main-
tained by nodes 𝑖 and 𝑗 of their neighboring nodes’ prior
estimates, respectively. 𝐾2

𝑖
(𝜇) and 𝐷2

𝑖 𝑗
(𝜇) are the consensus

estimation gain parameters to be designed. Based on the multi-
step filters, the corresponding prior and posterior errors are
defined in Appendix A, Eq. (A14), where 𝑙 = 1, 2. The specific
expressions can be represented as follows.
1) for 0 ≤ 𝜇 ≤ 𝑧 − 𝜍,
The corresponding equations are provided in Appendix A
as Eqs. (A15) and (A16), where 𝜉1

𝑖 𝑗 ,pri (𝜇) is defined in Eq.
(A17).
2) for 𝜇 ≥ 𝑧 − 𝜍,
The corresponding equations are provided in Appendix A as
Eqs. (A18) and (A19), where 𝜉2

𝑖 𝑗 ,pri(𝜇) is defined in Eq. (A20).
Building on the derived prior and posterior error dynamics, we
next analyze the corresponding second-order error-moment
matrices. To this end, the recursive evolution of the system-
state second-order moments is first established.
Lemma 5: For the discrete system, 𝑋 (𝜇) satisfies the
difference Riccati equation in Appendix A, Eq. (A21), subject
to the initial condition 𝑋 (0) = 𝑋0.
Proof. Based on the property of random variable 𝑤(𝜇), this
lemma can be easily proved, and will not be described in detail
here.

B. LOCAL MINIMUM VARIANCE CONSENSUS FILTER
DESIGN
This section determines the estimation gains by minimiz-
ing the error covariance and subsequently formulates the
corresponding local minimum-variance filter. The recursive
evolution of the system-state second moments is fundamental
to establishing the principal results. To simplify notation, we
introduce the definitions in Appendix A, Eq. (A22). For any
two nodes 𝑗1, 𝑗2 ∈ 𝑉 , the cross-covariance matrix between
the estimation errors is defined in Appendix A, Eq. (A23). To
continue, we introduce the following lemma.
Lemma 6: Let 𝑊 be a real-valued matrix, and let 𝑄 denote
a random diagonal matrix. Then, the relation in Appendix A,
Eq. (A24), holds, where ◦ is the Hadamard product.
The following lemmas provide a rigorous mathematical
analysis of the evolution of the error covariance.
Lemma 7: Let 𝑎1, 𝑎2, 𝑎3 be given scalars. For the networked
system described by (1), the prior and posterior estimation
error covariance matrices have upper bounds that evolve
according to the following recursions, respectively:
1) for 0 ≤ 𝜇 ≤ 𝑧 − 𝜍,
The corresponding equation is provided in Appendix A as Eq.
(A25). where

Φ1
𝑖 (𝜇) = 𝐼 − 𝐾1

𝑖 (𝜇)𝜛̄1 (𝜇)𝐶̄1
𝑖 (𝜇) −

∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇) (25)

with the cross covariance matrix satisfies The corresponding
equation is provided in Appendix A as Eq. (A26). and The
corresponding equation is provided in Appendix A as Eq.
(A27).
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2) for 𝜇 ≥ 𝑧 − 𝜍,
The corresponding equation is provided in Appendix A as Eq.
(A28). where

Φ2
𝑖 (𝜇) = 𝐼 − 𝐾2

𝑖 (𝜇)𝜛̄2 (𝜇)𝐶̄2
𝑖 (𝜇) −

∑︁
𝑗∈𝑁𝑖

𝐷2
𝑖 𝑗 (𝜇) (26)

with the cross-covariance matrix satisfies
The corresponding equation is provided in Appendix A as Eq.
(A29), and the posterior cross-covariance recursion is given
in Eq. (A30).
Proof. For simplicity, we only provide the proof for 0 ≤ 𝜇 ≤
𝑧 − 𝜍. According to (1), the prior covariance is given in Eq.
(A31). Then, in light of the posterior error dynamics in (A16),
the posterior error consists of the local prior error term, the
stochastic transmission term, the measurement noise term,
the event-triggering error term, and the neighboring prior
error term. To process the coupled terms caused by the event-
triggering error and the neighboring prior estimation errors,
applying Lemma 2 gives Eq. (A32). Furthermore, by using
Eq. (A33) and the relative state bound in (A9), one obtains
Eq. (A34).
Therefore, in view of the definition of Ω𝑙

𝑖,pos(𝜇), one has
Eq. (A35). The proof can then be completed using math-
ematical induction, which would not be elaborated here.
For convenience of discussion, we first define the matrices
in Appendix A, Eq. (A36). The gain matrices 𝐾 𝑙

𝑖
(𝜇) and

𝐷𝑙
𝑖 𝑗
(𝜇) are designed by formulating and solving the following

optimization problem:

min
𝐾 𝑙
𝑖
(𝜇) ,𝐷𝑙

𝑖
(𝜇)

tr
{
Ω̄𝑙𝑖,pos (𝜇)

}
(27)

Theorem 1. For networked system (1) subject to random
delays and edge-based event-triggered schemes, the consensus
gain matrices are derived as follows:
1) for 0 ≤ 𝜇 ≤ 𝑧 − 𝜍,
The corresponding equation is provided in Appendix A as Eq.
(A37).
2) for 𝜇 ≥ 𝑧 − 𝜍,
The corresponding equation is provided in Appendix A as Eq.
(A38), where the auxiliary matrices are defined in Eq. (A39),
for 𝑙 = 1, 2. Proof. For simplicity, we only provide the proof
for 0 ≤ 𝜇 ≤ 𝑧− 𝜍. Taking the trace on both sides of Ω1

𝑖,pos (𝜇),
one has
The corresponding equation is provided in Appendix A as Eq.
(A40). Differentiating with respect to 𝐾1

𝑖
(𝜇) and equating the

result to zero yields Eq. (A41). Thus, it is easy to obtain Eq.
(A42). Similarly, differentiating with respect to 𝐷1

𝑖
(𝜇) and

setting the resulting derivative equal to zero yields Eq. (A43).
Thus,

𝐷1
𝑖 (𝜇)Π1

𝑖 (𝜇) = 𝐴1
𝑖 (𝜇) − 𝐾1

𝑖 (𝜇)𝜛̄1 (𝜇)𝐶̄1
𝑖 (𝜇)𝐴1

𝑖 (𝜇) (28)

which indicates (A37) hold. Substituting (A37) into (A42),
one obtains (A37). This completes the proof.

V. NUMERICAL EXAMPLE
This section provides a detailed numerical example to
showcase the efficiency of the proposed filtering method.
We analyze both directed and undirected topologies of a
connected network with a specified number of 6 nodes.
The parameters of system (1) are defined as follows: The
corresponding equation is provided in Appendix A as Eq.
(A44).

FIGURE 1. Directed Topology Underlying the Network with 6 Nodes

In this simulation, the time horizon is set to 𝑧 = 150. The
system topology is shown in Fig. 1. The random variables
𝑤(𝑧) and 𝑣𝑖 (𝑧) are independent white-noise sequences with
zero means and covariance matrices 𝑄(𝑧) and 𝑅𝑖 (𝑧), with
𝑅6 (𝑧) = 0.9. The delay variables are 𝜍 = 25, 𝜛1 (𝑧) = 0.95,
and 𝜛2 (𝑧) = 0.15. The trigger parameters are set to 𝛾𝑖 𝑗 = 2,
𝜄𝑖 𝑗 = 0.6, 𝑎𝑖 𝑗 = 0.1, 𝜌𝑖 𝑗 = 0.6, and 𝛿𝑖 𝑗 (0) = 1. The initial
system parameters are

𝑥0 =

[
0.2
0.1

]
, 𝑃0 =

[
0.5 1
1.5 1.8

]
(29)

Figs. 2–5 show the simulation results of the algorithm by
utilizing an edge-based dynamic event-triggered mechanism.
Specifically, Fig. 2 compares the state of the system with
the estimate 𝑥1 (𝑧), where 𝑥1 (𝑧) denotes the first component
of 𝑥(𝑧). Similarly, Fig. 3 presents the system state and the
corresponding estimate 𝑥2 (𝑧), with 𝑥2 (𝑧) representing the
second component of 𝑥(𝑧). Figs. 4 and 5 represent the corre-
sponding estimation error trajectory. Figs. 2–5 demonstrate
that the proposed estimator accurately tracks the moving
target, confirming its satisfactory filtering performance.
Fig. 6 shows the triggering instant between node 1 and node
5. Fig. 7 shows the triggering instant between node 1 and node
6; the results for the other nodes are similar.

VOL. 15, NO. 3, AUGUST 20269904



Y. Xing

FIGURE 2. The System State and the Estimation of 𝑥1 (𝑧)

FIGURE 3. The System State and the Estimation of 𝑥2 (𝑧)

FIGURE 4. The Estimation Error Trajectory

FIGURE 5. The Estimation Error Trajectory

FIGURE 6. The Triggering Instant between Node 1 and Node 5

FIGURE 7. The Triggering Instant between Node 1 and Node 6
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VI. CONCLUSION
This paper focuses on recursive consensus estimation for a
class of networked systems with random transmission delays
and an edge-based event-triggering mechanism. A unified
probabilistic measurement model has been established by
using Bernoulli random variables, which can simultaneously
describe delay-free transmission, delayed transmission, and
packet dropout. To handle the incomplete measurement
information caused by random delays, the delayed observation
sequence has been decomposed into virtual measurement
sequences and then rearranged into an equivalent delay-
free observation sequence. Moreover, a dynamic edge-based
sender–receiver event-triggering mechanism is developed to
suppress redundant information exchange among neighboring
nodes. Based on the rearranged measurement sequence, a
multi-step recursive consensus filter has been developed. The
prior and posterior estimation-error dynamics are derived,
and recursive upper bounds for their covariance matrices are
obtained by accounting for stochastic transmission variables
and communication errors arising from the edge-based trig-
gering mechanism. Furthermore, by minimizing the trace of
the upper bound on the posterior estimation error covariance,
the local estimator and consensus gains are determined.
The proposed design therefore provides a recursive filtering
framework that explicitly incorporates both the rearranged
measurement information and the asynchronous communica-
tion information among neighboring nodes. It should also
be pointed out that the present work is developed under
known delay probabilities, known noise statistics, and a fixed
communication topology. Future research will expand upon
this proposed framework to systems which characterized by
unknown or time-varying delay probabilities, switching net-
work topologies, nonlinear dynamics, and joint optimization
of triggering parameters and filtering gains.
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APPENDIX A. EQUATIONS EXCEEDING ONE-THIRD PAGE WIDTH
The following equations are moved from the main text because their actual displayed formula width exceeds one-third of the
usable page width. Their mathematical content is unchanged.

(𝜁1 (𝑧), 𝜁2 (𝑧)) =

(1, ·), delay-free transmission,
(0, 1), delayed transmission,
(0, 0), packet dropout.

(A1)

𝑥
𝑗

𝑖,pri(𝑧) =
{
𝑥𝑖,pri(𝑧), if edge (𝑖, 𝑗) is triggered,
𝑥
𝑗

𝑖,pri(𝑧), if edge (𝑖, 𝑗) is not triggered.
(A2)

𝜉𝑖 𝑗 ,pri (𝑧) = 𝑒 𝑗𝑖,pri (𝑧) − 𝑒
𝑖
𝑗 ,pri (𝑧)

=
(
𝑥
𝑗

𝑖,pri (𝑧) − 𝑥𝑖,pri(𝑧)
)
−

(
𝑥𝑖𝑗 ,pri (𝑧) − 𝑥 𝑗 ,pri (𝑧)

) (A3)

𝑧
𝑖→ 𝑗

𝑠+1 = inf
𝑡>𝑧

𝑖→ 𝑗
𝑠

{
𝑡 : F

(
𝜉𝑖 𝑗 ,pri (𝑧)

)
> 𝛿𝑖 𝑗 (𝑧), ∀𝑧 ∈ (𝑧𝑖→ 𝑗

𝑠 , 𝑡]
}

(A4){
𝑦1
𝑖
(𝑧) = 𝜁1 (𝑧)𝐶𝑖 (𝑧)𝑥(𝑧) + 𝜁1 (𝑧)𝐷𝑖 (𝑧)𝑣𝑖 (𝑧),

𝑦2
𝑖
(𝑧) = 𝜁2 (𝑧) (1 − 𝜁1 (𝑧))𝐶𝑖 (𝑧 − 𝜍)𝑥(𝑧 − 𝜍) + 𝜁2 (𝑧) (1 − 𝜁1 (𝑧))𝐷𝑖 (𝑧 − 𝜍)𝑣𝑖 (𝑧 − 𝜍)

(A5)

𝜁1 (𝜇) =
[
𝜁1 (𝜇) 0

0 𝜁2 (𝜇 + 𝜍) (1 − 𝜁2 (𝜇 + 𝜍))

]
, 𝐶̄1

𝑖 (𝜇) =
[
𝐶𝑖 (𝜇)
𝐶𝑖 (𝜇)

]
, 𝐷̄1

𝑖 (𝜇) =
[
𝐷𝑖 (𝜇)
𝐷𝑖 (𝜇)

]
(A6)

𝑦̄1
𝑖 (𝜇) =

[
1 0
0 0

]
𝑦̃2
𝑖 (𝜇) +

[
0 0
0 1

]
𝑦̃2
𝑖 (𝜇 + 𝜍),

𝑦̄2
𝑖 (𝜇) =

[
1 0

]
𝑦̃2
𝑖 (𝜇)

(A7)

0 < 𝜌𝑖 𝑗 < 1, 𝛾𝑖 𝑗 𝜌𝑖 𝑗 ≥ 1, 𝛾𝑖 𝑗 = 𝛾 𝑗𝑖 , 𝜄𝑖 𝑗 = 𝜄 𝑗𝑖 , 𝑎𝑖 𝑗 = 𝑎 𝑗𝑖 , 𝛿𝑖 𝑗 (0) = 𝛿 𝑗𝑖 (0) (A8)

∥𝜉𝑖 𝑗 ,pri (𝑧)∥2 ≤ Γ𝑖 𝑗 ,pri(𝑧) ≜
1 + 𝛾𝑖 𝑗
𝛾𝑖 𝑗𝑎

2
𝑖 𝑗

(
𝛿 2
𝑖 𝑗 (𝑧) + 𝛾𝑖 𝑗 𝜄2𝑖 𝑗

)
(A9)

𝛿 2
𝑖 𝑗 (𝑧) =

(
2𝜌2
𝑖 𝑗 +

1 + 𝛾𝑖 𝑗
𝛾2
𝑖 𝑗

) 𝑧
𝛿2
𝑖 𝑗 (0) +

(1 + 3𝛾𝑖 𝑗
𝛾𝑖 𝑗

)
𝜄2𝑖 𝑗

𝑧−1∑︁
𝑛=1

(
2𝜌2
𝑖 𝑗 +

1 + 𝛾𝑖 𝑗
𝛾2
𝑖 𝑗

)𝑛
(A10)

𝛿2
𝑖 𝑗 (𝑧 + 1) ≤ 2𝜌2

𝑖 𝑗𝛿
2
𝑖 𝑗 (𝑧) + 2𝜄2𝑖 𝑗 + 𝑎2

𝑖 𝑗 ∥𝜉𝑖 𝑗 ,pri (𝑧)∥2

≤
(
2𝜌2
𝑖 𝑗 +

1 + 𝛾𝑖 𝑗
𝛾2
𝑖 𝑗

)
𝛿2
𝑖 𝑗 (𝑧) +

(1 + 3𝛾𝑖 𝑗
𝛾𝑖 𝑗

)
𝜄2𝑖 𝑗

≤ · · ·

≤
(
2𝜌2
𝑖 𝑗 +

1 + 𝛾𝑖 𝑗
𝛾2
𝑖 𝑗

) 𝑧+1

𝛿2
𝑖 𝑗 (0) +

(1 + 3𝛾𝑖 𝑗
𝛾𝑖 𝑗

)
𝜄2𝑖 𝑗

𝑧∑︁
𝑛=1

(
2𝜌2
𝑖 𝑗 +

1 + 𝛾𝑖 𝑗
𝛾2
𝑖 𝑗

)𝑛 (A11)

Priori 𝑥1
𝑖,pri (𝜇) = 𝐴(𝜇 − 1)𝑥1

𝑖,pos (𝜇 − 1),
Posterior 𝑥1

𝑖,pos (𝜇) = 𝑥1
𝑖,pri(𝜇) + 𝐾

1
𝑖 (𝜇)

(
𝑦̄1
𝑖 (𝜇) − 𝜛̄1 (𝜇)𝐶̄1

𝑖 (𝜇)𝑥1
𝑖,pri(𝜇)

)
+

∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)

(
𝑥

1,𝑖
𝑗 ,pri (𝜇) − 𝑥

1, 𝑗
𝑖,pri (𝜇)

) (A12)

Priori 𝑥2
𝑖,pri (𝜇) = 𝐴(𝜇 − 1)𝑥2

𝑖,pos (𝜇 − 1),
Posterior 𝑥2

𝑖,pos (𝜇) = 𝑥2
𝑖,pri(𝜇) + 𝐾

2
𝑖 (𝜇)

(
𝑦̄2
𝑖 (𝜇) − 𝜛̄2 (𝜇)𝐶̄2

𝑖 (𝜇)𝑥2
𝑖,pri(𝜇)

)
+

∑︁
𝑗∈𝑁𝑖

𝐷2
𝑖 𝑗 (𝜇)

(
𝑥

2,𝑖
𝑗 ,pri (𝜇) − 𝑥

2, 𝑗
𝑖,pri (𝜇)

) (A13)

𝑒𝑙
𝑖,pri (𝜇) ≜ 𝑥(𝜇) − 𝑥𝑙

𝑖,pri (𝜇), 𝑒𝑙𝑖,pos (𝜇) ≜ 𝑥(𝜇) − 𝑥𝑙𝑖,pos (𝜇) (A14)

𝑒1
𝑖,pri(𝜇) = 𝐴(𝜇 − 1)𝑒1

𝑖,pos(𝜇 − 1) + 𝐵(𝜇 − 1)𝑤(𝜇 − 1) (A15)
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𝑒1
𝑖,pos (𝜇) =

(
𝐼 − 𝐾1

𝑖 (𝜇)𝜛̄1 (𝜇)𝐶̄1
𝑖 (𝜇) −

∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)

)
𝑒1
𝑖,pri(𝜇)

− 𝐾1
𝑖 (𝜇)

(
𝜁1 (𝜇) − 𝜛̄1 (𝜇)

)
𝐶̄1
𝑖 (𝜇)𝑥(𝜇) − 𝐾1

𝑖 (𝜇)𝜁1 (𝜇)𝐷̄1
𝑖 (𝜇)𝑣𝑖 (𝜇)

+
∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝜉1

𝑖 𝑗 ,pri (𝜇) +
∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝑒1

𝑗 ,pri (𝜇)

(A16)

𝜉1
𝑖 𝑗 ,pri(𝜇) = 𝑒

1, 𝑗
𝑖,pri (𝜇) − 𝑒

1,𝑖
𝑗 ,pri (𝜇)

=
(
𝑥

1, 𝑗
𝑖,pri (𝜇) − 𝑥

1
𝑖,pri (𝜇)

)
−

(
𝑥

1,𝑖
𝑗 ,pri (𝜇) − 𝑥

1
𝑗 ,pri (𝜇)

) (A17)

𝑒2
𝑖,pri(𝜇) = 𝐴(𝜇 − 1)𝑒2

𝑖,pos(𝜇 − 1) + 𝐵(𝜇 − 1)𝑤(𝜇 − 1) (A18)

𝑒2
𝑖,pos(𝜇) =

(
𝐼 − 𝐾2

𝑖 (𝜇)𝜛̄2 (𝜇)𝐶̄2
𝑖 (𝜇) −

∑︁
𝑗∈𝑁𝑖

𝐷2
𝑖 𝑗 (𝜇)

)
𝑒2
𝑖,pri(𝜇)

− 𝐾2
𝑖 (𝜇)

(
𝜁2 (𝜇) − 𝜛̄2 (𝜇)

)
𝐶̄2
𝑖 (𝜇)𝑥(𝜇) − 𝐾2

𝑖 (𝜇)𝜁2 (𝜇)𝐷̄2
𝑖 (𝜇)𝑣𝑖 (𝜇)

+
∑︁
𝑗∈𝑁𝑖

𝐷2
𝑖 𝑗 (𝜇)𝜉2

𝑖 𝑗 ,pri (𝜇) +
∑︁
𝑗∈𝑁𝑖

𝐷2
𝑖 𝑗 (𝜇)𝑒2

𝑗 ,pri (𝜇)

(A19)

𝜉2
𝑖 𝑗 ,pri(𝜇) = 𝑒

2, 𝑗
𝑖,pri (𝜇) − 𝑒

2,𝑖
𝑗 ,pri (𝜇)

=
(
𝑥

2, 𝑗
𝑖,pri (𝜇) − 𝑥

2
𝑖,pri (𝜇)

)
−

(
𝑥

2,𝑖
𝑗 ,pri (𝜇) − 𝑥

2
𝑗 ,pri (𝜇)

) (A20)

𝑋 (𝜇) = 𝐴(𝜇 − 1)𝑋 (𝜇 − 1)𝐴𝑇 (𝜇 − 1) + 𝐵(𝜇 − 1)𝑄(𝜇 − 1)𝐵𝑇 (𝜇 − 1) (A21)

𝑃𝑙
𝑖,pri(𝜇) ≜ Ê{𝑒𝑙

𝑖,pri (𝑒
𝑙
𝑖,pri)

𝑇 }, 𝑃𝑙𝑖,pos(𝜇) ≜ Ê{𝑒𝑙𝑖,pos (𝑒𝑙𝑖,pos)𝑇 } (A22)

Ω𝑙pri, 𝑗1 𝑗2 (𝜇) ≜ Ê{𝑒𝑙
𝑗1 ,pri (𝜇) (𝑒

𝑙
𝑗2 ,pri (𝜇))

𝑇 }, Ω𝑙pos, 𝑗1 𝑗2 (𝜇) ≜ Ê{𝑒𝑙𝑗1 ,pos (𝜇) (𝑒𝑙𝑗2 ,pos (𝜇))𝑇 } (A23)

Ê{𝑊𝑇𝑄𝑊} =


Ê{𝑤2

1} Ê{𝑤1𝑤2} · · · Ê{𝑤1𝑤𝑚}
Ê{𝑤2𝑤1} Ê{𝑤2

2} · · · Ê{𝑤2𝑤𝑚}
...

...
. . .

...

Ê{𝑤𝑚𝑤1} Ê{𝑤𝑚𝑤2} · · · Ê{𝑤2
𝑚}


◦𝑄 (A24)

Ω1
𝑖,pri(𝜇) = 𝐴(𝜇 − 1)Ω1

𝑖,pos(𝜇 − 1)𝐴𝑇 (𝜇 − 1) + 𝐵(𝜇 − 1)𝑄(𝜇 − 1)𝐵𝑇 (𝜇 − 1),
Ω1
𝑖,pos (𝜇) = (1 + 𝑎1)Φ1

𝑖 (𝜇)Ω1
𝑖,pri (𝜇) (Φ

1
𝑖 (𝜇))𝑇

+ 𝐾1
𝑖 (𝜇){(𝐼 − 𝜛̄1 (𝜇))𝜛̄1 (𝜇) ◦ (𝐶̄1

𝑖 (𝜇)𝑋 (𝜇) (𝐶̄1
𝑖 (𝜇))𝑇 ) + 𝜛̄1 (𝜇) ◦ 𝑅̄1

𝑖 (𝜇)}(𝐾1
𝑖 (𝜇))𝑇

+ (1 + 𝑎−1
1 + 𝑎−1

2 )𝑛𝑖
∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)Γ1

𝑖 𝑗 ,pri(𝜇) (𝐷
1
𝑖 𝑗 (𝜇))𝑇

+ (1 + 𝑎2)
∑︁
𝑗1∈𝑁𝑖

∑︁
𝑗2∈𝑁𝑖

𝐷1
𝑖 𝑗1

(𝜇)Ω1
𝑗1 𝑗2 ,pri (𝜇) (𝐷

1
𝑖 𝑗2

(𝜇))𝑇

+Φ1
𝑖 (𝜇)

∑︁
𝑗∈𝑁𝑖

Ω1
𝑖 𝑗 ,pri (𝜇) (𝐷

1
𝑖 𝑗 (𝜇))𝑇 +

∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇) (Ω1

𝑖 𝑗 ,pri(𝜇))
𝑇 (Φ1

𝑖 (𝜇))𝑇

(A25)

Ω1
𝑗1 𝑗2 ,pri (𝜇) = 𝐴(𝜇 − 1)Ω1

𝑗1 𝑗2 ,pos (𝜇 − 1)𝐴𝑇 (𝜇 − 1) + 𝐵(𝜇 − 1)𝑄(𝜇 − 1)𝐵𝑇 (𝜇 − 1) (A26)

Ω1
𝑗1 𝑗2 ,pos (𝜇) = Φ1

𝑗1
(𝜇)Ω1

𝑗1 𝑗2 ,pri (𝜇) (Φ
1
𝑗2
(𝜇))𝑇 +Φ1

𝑗1
(𝜇)

∑︁
ℎ∈𝑁 𝑗2

Ω1
𝑗1ℎ,pri (𝜇) (𝐷

1
ℎ 𝑗2

(𝜇))𝑇

+
∑︁
𝑚∈𝑁 𝑗1

𝐷1
𝑚𝑗1

(𝜇)Ω1
𝑚𝑗2 ,pri (𝜇) (Φ

1
𝑗1
(𝜇))𝑇 +

∑︁
𝑚∈𝑁 𝑗1

∑︁
ℎ∈𝑁 𝑗2

𝐷1
𝑚𝑗1

(𝜇)Ω1
𝑚ℎ,pri (𝜇) (𝐷

1
ℎ 𝑗2

(𝜇))𝑇

+ 𝑎3𝑛 𝑗1

∑︁
𝑚∈𝑁 𝑗1

𝐷1
𝑚𝑗1

(𝜇)Γ1
𝑚𝑗1 ,pri (𝜇) (𝐷

1
𝑚𝑗1

(𝜇))𝑇 + 𝑎−1
3 𝑛 𝑗2

∑︁
ℎ∈𝑁 𝑗2

𝐷1
ℎ 𝑗2

(𝜇)Γ1
ℎ 𝑗2 ,pri (𝜇) (𝐷

1
ℎ 𝑗2

(𝜇))𝑇

(A27)
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Ω2
𝑖,pri (𝜇) = 𝐴(𝜇 − 1)Ω2

𝑖,pos(𝜇 − 1)𝐴𝑇 (𝜇 − 1) + 𝐵(𝜇 − 1)𝑄(𝜇 − 1)𝐵𝑇 (𝜇 − 1),
Ω2
𝑖,pos(𝜇) = (1 + 𝑎1)Φ2

𝑖 (𝜇)Ω2
𝑖,pri(𝜇) (Φ

2
𝑖 (𝜇))𝑇

+ 𝐾2
𝑖 (𝜇){(𝐼 − 𝜛̄2 (𝜇))𝜛̄2 (𝜇) ◦ (𝐶̄2

𝑖 (𝜇)𝑋 (𝜇) (𝐶̄2
𝑖 (𝜇))𝑇 ) + 𝜛̄2 (𝜇) ◦ 𝑅̄2

𝑖 (𝜇)}(𝐾2
𝑖 (𝜇))𝑇

+ (1 + 𝑎−1
1 + 𝑎−1

2 )𝑛𝑖
∑︁
𝑗∈𝑁𝑖

𝐷2
𝑖 𝑗 (𝜇)Γ2

𝑖 𝑗 ,pri (𝜇) (𝐷
2
𝑖 𝑗 (𝜇))𝑇

+ (1 + 𝑎2)
∑︁
𝑗1∈𝑁𝑖

∑︁
𝑗2∈𝑁𝑖

𝐷2
𝑖 𝑗1

(𝜇)Ω2
𝑗1 𝑗2 ,pri (𝜇) (𝐷

2
𝑖 𝑗2

(𝜇))𝑇

+Φ2
𝑖 (𝜇)

∑︁
𝑗∈𝑁𝑖

Ω2
𝑖 𝑗 ,pri(𝜇) (𝐷

2
𝑖 𝑗 (𝜇))𝑇 +

∑︁
𝑗∈𝑁𝑖

𝐷2
𝑖 𝑗 (𝜇) (Ω2

𝑖 𝑗 ,pri (𝜇))
𝑇 (Φ2

𝑖 (𝜇))𝑇

(A28)

Ω2
𝑗1 𝑗2 ,pri (𝜇) = 𝐴(𝜇 − 1)Ω2

𝑗1 𝑗2 ,pos (𝜇 − 1)𝐴𝑇 (𝜇 − 1) + 𝐵(𝜇 − 1)𝑄(𝜇 − 1)𝐵𝑇 (𝜇 − 1) (A29)

Ω2
𝑗1 𝑗2 ,pos (𝜇) = Φ2

𝑗1
(𝜇)Ω2

𝑗1 𝑗2 ,pri (𝜇) (Φ
2
𝑗2
(𝜇))𝑇 +Φ2

𝑗1
(𝜇)

∑︁
ℎ∈𝑁 𝑗2

Ω2
𝑗1ℎ,pri (𝜇) (𝐷

2
ℎ 𝑗2

(𝜇))𝑇

+
∑︁
𝑚∈𝑁 𝑗1

𝐷2
𝑚𝑗1

(𝜇)Ω2
𝑚𝑗2 ,pri (𝜇) (Φ

2
𝑗1
(𝜇))𝑇 +

∑︁
𝑚∈𝑁 𝑗1

∑︁
ℎ∈𝑁 𝑗2

𝐷2
𝑚𝑗1

(𝜇)Ω2
𝑚ℎ,pri (𝜇) (𝐷

2
ℎ 𝑗2

(𝜇))𝑇

+ 𝑎3𝑛 𝑗1

∑︁
𝑚∈𝑁 𝑗1

𝐷2
𝑚𝑗1

(𝜇)Γ2
𝑚𝑗1 ,pri (𝜇) (𝐷

2
𝑚𝑗1

(𝜇))𝑇 + 𝑎−1
3 𝑛 𝑗2

∑︁
ℎ∈𝑁 𝑗2

𝐷2
ℎ 𝑗2

(𝜇)Γ2
ℎ 𝑗2 ,pri (𝜇) (𝐷

2
ℎ 𝑗2

(𝜇))𝑇

(A30)

𝑃1
𝑖,pri (𝜇) = 𝐴(𝜇 − 1)𝑃1

𝑖,pos (𝜇 − 1)𝐴𝑇 (𝜇 − 1) + 𝐵(𝜇 − 1)𝑄(𝜇 − 1)𝐵𝑇 (𝜇 − 1) (A31)(
Φ1
𝑖 (𝜇)𝑒1

𝑖,pri(𝜇) +
∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝜉1

𝑖 𝑗 ,pri(𝜇) +
∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝑒1

𝑗 ,pri (𝜇)
)

×
(
Φ1
𝑖 (𝜇)𝑒1

𝑖,pri(𝜇) +
∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝜉1

𝑖 𝑗 ,pri(𝜇) +
∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝑒1

𝑗 ,pri (𝜇)
)𝑇

≤ (1 + 𝑎1)Φ1
𝑖 (𝜇)𝑒1

𝑖,pri (𝜇) (𝑒
1
𝑖,pri (𝜇))

𝑇 (Φ1
𝑖 (𝜇))𝑇

+ (1 + 𝑎−1
1 + 𝑎−1

2 )
( ∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝜉1

𝑖 𝑗 ,pri(𝜇)
) ( ∑︁

𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝜉1

𝑖 𝑗 ,pri (𝜇)
)𝑇

+ (1 + 𝑎2)
( ∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝑒1

𝑗 ,pri (𝜇)
) ( ∑︁

𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝑒1

𝑗 ,pri (𝜇)
)𝑇

+Φ1
𝑖 (𝜇)𝑒1

𝑖,pri (𝜇)
( ∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝑒𝑙𝑗 ,pri (𝜇)

)𝑇
+

( ∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝑒1

𝑗 ,pri (𝜇)
)
(𝑒1
𝑖,pri (𝜇))

𝑇 (Φ1
𝑖 (𝜇))𝑇

(A32)

( ∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝜉1

𝑖 𝑗 ,pri (𝜇)
) ( ∑︁

𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝜉1

𝑖 𝑗 ,pri (𝜇)
)𝑇

≤ 𝑛𝑖
∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝜉1

𝑖 𝑗 ,pri(𝜇) (𝜉
1
𝑖 𝑗 ,pri(𝜇))

𝑇 (𝐷1
𝑖 𝑗 (𝜇))𝑇 (A33)( ∑︁

𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝜉1

𝑖 𝑗 ,pri(𝜇)
) ( ∑︁

𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)𝜉1

𝑖 𝑗 ,pri (𝜇)
)𝑇

≤ 𝑛𝑖
∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)Γ𝑖 𝑗 ,pri (𝜇) (𝐷1

𝑖 𝑗 (𝜇))𝑇 (A34)

𝑃1
𝑖,pos(𝜇) ≤ (1 + 𝑎1)Φ1

𝑖 (𝜇)𝑃1
𝑖,pri (𝜇) (Φ

1
𝑖 (𝜇))𝑇

+ 𝐾1
𝑖 (𝜇){(𝐼 − 𝜛̄1 (𝜇))𝜛̄1 (𝜇) ◦ (𝐶̄1

𝑖 (𝜇)𝑋 (𝜇) (𝐶̄1
𝑖 (𝜇))𝑇 ) + 𝜛̄1 (𝜇) ◦ 𝑅̄1

𝑖 (𝜇)}(𝐾1
𝑖 (𝜇))𝑇

+ (1 + 𝑎−1
1 + 𝑎−1

2 )𝑛𝑖
∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇)Γ1

𝑖 𝑗 ,pri (𝜇) (𝐷
1
𝑖 𝑗 (𝜇))𝑇

+ (1 + 𝑎2)
∑︁
𝑗1∈𝑁𝑖

∑︁
𝑗2∈𝑁𝑖

𝐷1
𝑖 𝑗1

(𝜇)𝑃1
𝑗1 𝑗2 ,pri (𝜇) (𝐷

1
𝑖 𝑗2

(𝜇))𝑇

+Φ1
𝑖 (𝜇)

∑︁
𝑗∈𝑁𝑖

𝑃1
𝑖 𝑗 ,pri (𝜇) (𝐷

1
𝑖 𝑗 (𝜇))𝑇 +

∑︁
𝑗∈𝑁𝑖

𝐷1
𝑖 𝑗 (𝜇) (𝑃1

𝑖 𝑗 ,pri (𝜇))
𝑇 (Φ1

𝑖 (𝜇))𝑇

(A35)
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𝐷𝑙𝑖 (𝜇) ≜ [𝐷𝑙𝑖 𝑗1 (𝜇) 𝐷
𝑙
𝑖 𝑗2

(𝜇) · · · 𝐷𝑙𝑖 𝑗𝑛𝑖 (𝜇)],
𝜀𝑖 ≜ [𝐼 𝐼 · · · 𝐼]𝑇 ,

𝐺𝑙𝑖 (𝜇) ≜ [Ω𝑙
𝑖 𝑗1 ,pri (𝜇) Ω

𝑙
𝑖 𝑗2 ,pri (𝜇) · · · Ω𝑙

𝑖 𝑗𝑛𝑖 ,pri (𝜇)],

𝑈𝑙𝑖 (𝜇) ≜


Ω𝑙
𝑗1 𝑗1 ,pri Ω𝑙

𝑗1 𝑗2 ,pri · · · Ω𝑙
𝑗1 𝑗𝑛𝑖 ,pri

Ω𝑙
𝑗2 𝑗1 ,pri Ω𝑙

𝑗2 𝑗2 ,pri · · · Ω𝑙
𝑗2 𝑗𝑛𝑖 ,pri

...
...

. . .
...

Ω𝑙
𝑗𝑛𝑖 𝑗1 ,pri Ω𝑙

𝑗𝑛𝑖 𝑗2 ,pri · · · Ω𝑙
𝑗𝑛𝑖 𝑗𝑛𝑖 ,pri


,

Γ𝑙𝑖 (𝜇) ≜ diag{Γ𝑖 𝑗1 ,pri (𝜇), Γ𝑖 𝑗2 ,pri (𝜇), . . . , Γ𝑖 𝑗𝑛𝑖 ,pri (𝜇)}

(A36)

𝐾1
𝑖 (𝜇) =

[
Ω1
𝑖,pri (𝜇) (𝜛̄1 (𝜇)𝐶̄1

𝑖 (𝜇))𝑇 − 𝐴1
𝑖 (𝜇) (Π1

𝑖 (𝜇))−1 (𝐴1
𝑖 (𝜇))𝑇 (𝜛̄1 (𝜇)𝐶̄1

𝑖 (𝜇))𝑇
]
(Λ1
𝑖 (𝜇))−1,

𝐷1
𝑖 (𝜇) =

[
𝐴1
𝑖 (𝜇) − 𝐾1

𝑖 (𝜇)𝜛̄1 (𝜇)𝐶̄1
𝑖 (𝜇)𝐴1

𝑖 (𝜇)
]
(Π1

𝑖 (𝜇))−1
(A37)

𝐾2
𝑖 (𝜇) =

[
Ω2
𝑖,pri (𝜇) (𝜛̄2 (𝜇)𝐶̄2

𝑖 (𝜇))𝑇 − 𝐴2
𝑖 (𝜇) (Π2

𝑖 (𝜇))−1 (𝐴2
𝑖 (𝜇))𝑇 (𝜛̄2 (𝜇)𝐶̄2

𝑖 (𝜇))𝑇
]
(Λ2
𝑖 (𝜇))−1,

𝐷2
𝑖 (𝜇) =

[
𝐴2
𝑖 (𝜇) − 𝐾2

𝑖 (𝜇)𝜛̄2 (𝜇)𝐶̄2
𝑖 (𝜇)𝐴2

𝑖 (𝜇)
]
(Π2

𝑖 (𝜇))−1
(A38)

Ψ𝑙𝑖 (𝜇) ≜ 𝜛̄𝑙 (𝜇)𝐶̄𝑙𝑖 (𝜇)Ω𝑙𝑖,pri (𝜇) (𝜛̄𝑙 (𝜇)𝐶̄
𝑙
𝑖 (𝜇))𝑇

+ (𝐼 − 𝜛̄𝑙 (𝜇))𝜛̄𝑙 (𝜇) ◦ (𝐶̄𝑙𝑖 (𝜇)𝑋 (𝜇) (𝐶̄𝑙𝑖 (𝜇))𝑇 ) + 𝜛̄𝑙 (𝜇) ◦ 𝑅̄𝑙𝑖 (𝜇),
𝐴𝑙𝑖 (𝜇) ≜ Ω𝑙

𝑖,pri (𝜇)𝜀
𝑇
𝑖 − 𝐺𝑙𝑖 (𝜇),

Π𝑙𝑖 (𝜇) ≜ 𝜀𝑖Ω
𝑙
𝑖,pri(𝜇)𝜀

𝑇
𝑖 +𝑈𝑙𝑖 (𝜇) − 𝜀𝑖𝐺𝑙𝑖 (𝜇) − (𝐺𝑙𝑖 (𝜇))𝑇𝜀𝑇𝑖 ,

Λ𝑙𝑖 (𝜇) ≜ Ψ𝑙𝑖 (𝜇) − 𝜛̄𝑙 (𝜇)𝐶̄𝑙𝑖 (𝜇)𝐴𝑙𝑖 (𝜇) (Π𝑙𝑖 (𝜇))−1 (𝐴𝑙𝑖 (𝜇))𝑇 (𝜛̄𝑙 (𝜇)𝐶̄𝑙𝑖 (𝜇))𝑇

(A39)

tr{Ω1
𝑖,pos(𝜇)} = tr{Ω1

𝑖,pri (𝜇)} − 2 tr{Ω1
𝑖,pri (𝜇)𝜀

𝑇
𝑖 (𝐷1

𝑖 (𝜇))𝑇 }
+ tr{𝐷1

𝑖 (𝜇)𝜀𝑖Ω1
𝑖,pri (𝜇)𝜀

𝑇
𝑖 (𝐷1

𝑖 (𝜇))𝑇 }
+ tr{𝐾1

𝑖 (𝜇)𝜛̄1 (𝜇)𝐶̄1
𝑖 (𝜇)Ω1

𝑖,pri(𝜇) (𝜛̄1 (𝜇)𝐶̄1
𝑖 (𝜇))𝑇 (𝐾1

𝑖 (𝜇))𝑇 }
+ 2 tr{𝐾1

𝑖 (𝜇)𝜛̄1 (𝜇)𝐶̄1
𝑖 (𝜇)Ω1

𝑖,pri (𝜇)𝜀
𝑇
𝑖 (𝐷1

𝑖 (𝜇))𝑇 }
+ 2 tr{𝐺1

𝑖 (𝜇) (𝐷1
𝑖 (𝜇))𝑇 } − 2 tr{𝐾1

𝑖 (𝜇)𝜛̄1 (𝜇)𝐶̄1
𝑖 (𝜇)𝐺1

𝑖 (𝜇) (𝐷1
𝑖 (𝜇))𝑇 }

− 2 tr{𝐷1
𝑖 (𝜇)𝜀𝑖𝐺1

𝑖 (𝜇) (𝐷1
𝑖 (𝜇))𝑇 } + tr{𝐷1

𝑖 (𝜇)𝑈1
𝑖 (𝜇) (𝐷1

𝑖 (𝜇))𝑇 }
+ tr{𝐾1

𝑖 (𝜇) [(𝐼 − 𝜛̄1 (𝜇))𝜛̄1 (𝜇) ◦ (𝐶̄1
𝑖 (𝜇)𝑋 (𝜇) (𝐶̄1

𝑖 (𝜇))𝑇 ) + 𝜛̄1 (𝜇) ◦ 𝑅̄1
𝑖 (𝜇)] (𝐾1

𝑖 (𝜇))𝑇 }

(A40)

0 = − 2Ω1
𝑖,pri(𝜇) (𝜛̄1 (𝜇)𝐶̄1

𝑖 (𝜇))𝑇 + 2𝐾1
𝑖 (𝜇)𝜛̄1 (𝜇)𝐶̄1

𝑖 (𝜇)Ω1
𝑖,pri (𝜇) (𝜛̄1 (𝜇)𝐶̄1

𝑖 (𝜇))𝑇

+ 2𝐷1
𝑖 (𝜇)𝜀𝑖Ω1

𝑖,pri (𝜇) (𝜛̄1 (𝜇)𝐶̄1
𝑖 (𝜇))𝑇

+ 2𝐾1
𝑖 (𝜇) [(𝐼 − 𝜛̄1 (𝜇))𝜛̄1 (𝜇) ◦ (𝐶̄1

𝑖 (𝜇)𝑋 (𝜇) (𝐶̄1
𝑖 (𝜇))𝑇 ) + 𝜛̄1 (𝜇) ◦ 𝑅̄1

𝑖 (𝜇)]
− 2𝐷1

𝑖 (𝜇) (𝐺1
𝑖 (𝜇))𝑇 (𝜛̄1 (𝜇)𝐶̄1

𝑖 (𝜇))𝑇

(A41)

𝐾1
𝑖 (𝜇)Ψ1

𝑖 (𝜇) = Ω1
𝑖,pri (𝜇) (𝜛̄1 (𝜇)𝐶̄1

𝑖 (𝜇))𝑇 − 𝐷1
𝑖 (𝜇)𝜀𝑖Ω1

𝑖,pri (𝜇) (𝜛̄1 (𝜇)𝐶̄1
𝑖 (𝜇))𝑇

+ 𝐷1
𝑖 (𝜇) (𝐺1

𝑖 (𝜇))𝑇 (𝜛̄1 (𝜇)𝐶̄1
𝑖 (𝜇))𝑇

(A42)

0 = − 2Ω1
𝑖,pri(𝜇)𝜀

𝑇
𝑖 + 2𝐾1

𝑖 (𝜇)𝜛̄1 (𝜇)𝐶̄1
𝑖 (𝜇)Ω1

𝑖,pri (𝜇)𝜀
𝑇
𝑖 + 2𝐷1

𝑖 (𝜇)𝜀𝑖Ω1
𝑖,pri(𝜇)𝜀

𝑇
𝑖

+ 2𝐷1
𝑖 (𝜇)𝑈1

𝑖 (𝜇) + 2𝐺1
𝑖 (𝜇) − 2𝐾1

𝑖 (𝜇)𝜛̄1 (𝜇)𝐶̄1
𝑖 (𝜇)𝐺1

𝑖 (𝜇)
− 2𝐷1

𝑖 (𝜇)𝜀𝑖𝐺1
𝑖 (𝜇) − 2𝐷1

𝑖 (𝜇) (𝐺1
𝑖 (𝜇))𝑇𝜀𝑇𝑖

(A43)

𝐴(𝑧) =
[

2.17 1.48
−1.76 −0.85

]
, 𝐵(𝑧) =

[
0.24
0.51

]
,

𝐶𝑖 (𝑧) =
[
3𝑖 15
20 10

]
, 𝐷𝑖 (𝑧) =

[
0.02
0.1

]
, 𝑖 = 1, 3, 5,

𝐶𝑖 (𝑧) =
[
2𝑖 10
15 12

]
, 𝐷𝑖 (𝑧) =

[
0.2

0.01

]
, 𝑖 = 2, 4, 6

(A44)
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