
ADVANCED ELECTROMAGNETICS, VOL. 8, NO. 5, DECEMBER 2019

Forward recursion approach of electromagnetic wave propagation characteristics
in a slab of inhomogeneous magnetoplasma

A. M. Al–Khateeb, M. A. Khasawneh, and M. S. Bawa’aneh∗

Department of Physics,
Yarmouk University, Irbid, Jordan

*corresponding author, E-mail: msbawaaneh@yu.edu.jo

Abstract
Propagation characteristics of electromagnetic radiation in-
cident on an inhomogeneous magnetoplasma slab near a
good conducting metallic surface is investigated. The in-
homogeneous plasma slab is divided into thin layers (sub-
cells) in order to allow for treating each plasma sub-cell as
a homogeneous medium. A global matrix is formed upon
matching the fields at all interfaces, which allows for the
analytical determination of the reflection, absorption and
transmission coefficients. For matching the tangential fields
at the metallic surface, an impedance (Leontovich) bound-
ary condition has been used. Propagation characteristics
are calculated numerically for a set of parameters that may
be suitable for many applications including stealth plasma.
Numerical results show resonant absorption peaks near the
electron cyclotron frequency that increase by increasing the
equilibrium plasma density. They also show absorption en-
hancement by increasing the plasma slab width.

1. Introduction
Electromagnetic wave propagation characteristics in a
plasma slab has for decades attracted the attention of re-
searchers due to its versatile applications in different fields
that is made possible mainly due to the wide range of possi-
ble plasma parameters. Such versatile applications include,
but not limited to, atmospheric and space studies [1]–[9],
telecommunications [10]–[18], antennas [19]–[21], mate-
rial switches, absorbers and wave guides [22]–[27], and
stealth technology [28]–[37], where the plasma is preferred
as a good absorber or scatterer of EM–radiation. For exam-
ple a good absorption window within the radar frequency
range is desired in stealth plasma applications, while the
undesired absorption of the L–band frequency range by
the ionosphere layer may lead to positioning iono–error of
above five meters in the GPS applications.

Electromagnetic waves with angular frequency ω can
only propagate in plasma where ω > ωp, the plasma fre-
quency that is proportional to the square root of the refrac-
tive index of the plasma. If ω does not exceed ωp, then the
EM–wave becomes evanescent after being reflected at the
bulk plasma frequency, a process that gives rise to plasma
heating [38], [39]. Within the framework of the Appleton–
Hartree theory, the plasma ion motion is ignored and ions

are treated as a heavy, neutralizing positive background
compared to electrons; and the plasma is simplified to a
dielectric material with all the electron and ion motion is
accounted for in the plasma dielectric function [40]–[42].

Over the past years, researchers, targeting different ap-
plications regarding absorption and scattering characteris-
tics of EM–waves in plasma, have studied various plasma
regimes that included a plasma layer with different charac-
teristics. Valagiannopoulos and Uzunoglu [2] used a model
based on a 2D, double-layered planar waveguide restricted
by two metallic surfaces, the upper layer of which possesses
a step discontinuity, and characterized signal propagation
within terrestrial environment. A thin inhomogeneous strip
located inside a lossy homogeneous earth which scatters the
excitation wave in the presence of a perfectly conducting
ionospheric step discontinuity. C. Thoma et. al., [4] inves-
tigated radio blackout reentry conditions and obtained theo-
retical transmission coefficients of longitudinal EM-waves
in a magnetized collisional plasma layer. They found out
that a magnetic field of the order of a few hundred Gauss
is required for the propagation of a 1 THz frequency plane
wave in the earth’s upper ionosphere. In another study [5],
Valagiannopoulos and Uzunoglu demonstrated the possibil-
ity of developing an imaging method for the underground
environment based on the measurement of scattered ex-
tremely low frequency fields (ELF) by underground for-
mations. The model assumes that the Earth-ionosphere
structure can be approximated by a parallel-plate waveg-
uide with perfectly conducting sidewalls. Lee et. al., [8]
used predicted values of space weather indices from an es-
tablished relationship between ionospheric threats and the
space weather indices, that can be used to adjust the iono-
spheric threat model in real time. Zhang et. al., [9] stud-
ied the interaction of terahertz waves with an inhomoge-
neous plasma slab using the SMM method, where differ-
ent density profiles were used. They found maximum ab-
sorbance occurring for homogeneous density profiles. Tian
et. al., [12] investigated the effect of collision frequency
and magnetic field amplitude on THz EM-wave propaga-
tion in a magnetized, collisional plasma slab. Chen Cong et.
al., [15] investigated EM–wave characteristics in a plasma
sheath forming during spacecraft reentry, where heperbolic
plasma density profile is used. Bawaaneh et. al., [34, 35]
have modified the long existing Appleton–Hartree magne-



toionic dispersion relation of EM-wave propagation in cold,
magnetized plasma to account for the thermal effect. They
also calculated reflection, absorption and transmission co-
efficients of transverse EM-waves in a magnetized, colli-
sional, inhomogeneous plasma layer near a metallic wall
using the SMM method. They also used a kinetic model to
study the characteristics of EM waves in hot plasma [36].

Matrix formalism of EM–wave characteristics in inho-
mogeneous plasma is a rigorous method to overcome the
inhomogeneity in the plasma slab [see for example Refs.
[28, 30, 34] on the SMM method]. Properties of great influ-
ence on the propagation characteristics, such as the medium
inhomogeneity, can be modeled by replacing an inhomoge-
neous layer by a succession of very thin discrete homoge-
nous sub-layers. In the present work, the Forward Recur-
sion Method is a matrix method derived from first princi-
ples, namely, the continuity of the tangential electromag-
netic field components obtained from the Maxwell’s curl
equations. Using the boundary conditions for the EM–
fields, forward and backward fields on one side of a spe-
cific interface are related to those on the other side. The
input to output relationship is, as usual, expressed in terms
of a 2 × 2 matching matrix. In the presence of several in-
terfaces, forward and backward fields will be propagated
from one interface to the next with the help of such a 2× 2
propagation matrix. The combination of a matching and a
propagation matrix relating the fields across different inter-
faces is usually referred to as a transfer or transition matrix.

The paper is organized as follows; In Section 2, the
forward recursion model equations are presented and the
reflection, absorption and transmission coefficients are de-
rived. Numerical results and their discussion are presented
in Section 3, and conclusions are presented in Section 4.

2. Forward recursion model equations

Assume a linearly polarized plane wave such that ~E(x, t) =
ẑ Ez(x, t) is incident on an inhomogeneous magnetoplasma
slab extending from x = 0 to x = a. The incident, reflected
and transmitted waves are propagating along x parallel to
a background uniform magnetostatic field ~B = x̂ B0, as
shown in Figure 1. The conducting material at x = b
is aluminum. For x < 0 the surrounding region of in-
cidence has a permittivity ε(L) = ε0ε

(L)(ω), while it is
ε(R) = ε0ε

(R)(ω) in the medium to the right of the plasma
slab interface at x = a. The region to the right of the plasma
slab for a < x < b has a width d = b − a and is expected
to support the formation of standing wave patterns due to
the interference of waves reflected from the good conduc-
tor at x = b and those transmitted from the plasma inter-
face at x = a. We divide the plasma slab into n homoge-
neous layers with mth layer width of dm+1 − dm, where
m = 1, 2, 3, ..., n. The time-harmonic electric field in each
region of interest, as shown in figure 1, are E(L)

z in the L-
region of incidence, E(m)

z in the mth plasma sub-cell, and
E

(R)
z in the R-region between x = a and x = b. These

Figure 1: Geometry of the problem.

fields are given by
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where E0 is the amplitude of the incident field, andA is the
global reflection coefficient of the region of incidence, and
k
(L,R)
x =(ω/c)

√
ε(L,R)(ω) the wave propagation constant

in the region of incidence (L) and in the region to the right
of the plasma slab (R). The variation of the wave propaga-
tion constant over the mth homogeneous plasma sub-cell
has been ignored with Bm and Cm being the partial trans-
mission and reflection coefficients, respectively. Similarly,
the constantsD and F stand for the partial transmission and
reflection coefficients in the R-region, respectively.

At the conducting wall at x = b we introduce
an impedance (Leontovich) boundary condition such that
Ez(b, t) = −ZcHy(b, t), where Zc is the characteristic
impedance of the conducting surface, and the tangential
magnetic field is Hy =−(j/µ0ω) ∂Ez/∂x. Accordingly,
the relation betweenD and F is established and the electric
field E(R)

z of equation (3) takes on the following form;

E(R)
z = −j2E0DU sin k(R)

x (x− b) ejωt−jk
(R)
x b (4)
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µ0ω

k
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, (5)
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√
µ
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√
µ0

ε0 − j Sω
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Z0√
ε(c)(ω)

, (6)

ε(c)(ω) = 1− j S

ε0ω
, Z0 =

√
µ0

ε0
= 377 Ω ,(7)

where η(R) is the impedance of the R–region, Z0 is the vac-
uum impedance, ε(c)(ω) is the dielectric function of the
metallic surface at x = b, ε(R)(ω) the dielectric function
of the R-region which is equal to one for vacuum and S is
the electric conductivity of the metallic wall,

The integration constants A, Bm, Cm and D are deter-
mined by matching the tangential electric fieldEz at x = 0,
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x = a, and at all interfaces between adjacent layers within
the plasma slab. Consequently, we obtain the following ex-
pressions for the integration constants A and D;

[
1
A

]
=

[
T11 T12
T21 T22

] [
Q1

Q2

]
D , (8)

where Q1 and Q2 are given by
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and the coefficients T11, T12, T21, T22 are determined as
follows;
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where the matrix Tm of the mth plasma sub-cell for 2 ≤
m ≤ N is given by

Tm=
1

2k
(m−1)
x

[
α11 α12

α21 α22

]
, (14)

α11 =
[
k(m−1) + k(m)

]
ejdm(k(m−1)−k(m))

α12 =
[
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]
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]
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α22 =
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]
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Also k
(m)
x = (ω/c)

√
ε(m)(ω), where ε(m) is the dielec-

tric constant of the mth sublayer of plasma given for paral-
lel propagation in collisional, cold, magnetized plasma by
[41]–[43]

ε
(m)
± = 1−

ω2
pe,m

ω (ω ∓ ωce − jν)
(15)

Here ωpe,m is the mth layer electron plasma frequency and
ν is the collision frequency. The upper (+) and lower (−)

signs in ε(m)
± correspond, respectively, to left (L) and right

(R) hand polarized transverse waves in plasma. In the lit-
erature, one may find various formulae for the dielectric
function characterizing various plasma regimes; see for ex-
ample [43]–[49].

The global transmission and reflection coefficients can
be obtained from equation (8), namely,

τ =
η(R)

Zc
D =

η(R)

Zc

1

T11Q1 + T12Q2
, (16)

ρ = A =
T21Q1 + T22Q2

T11Q1 + T12Q2
(17)

Hence, reflectance (R), transmittance (T ) and absorbance
(A) are then given by

T = ττ∗ , R = ρρ∗ , (18)
A = 1− R− T (19)

3. Numerical results and discussion
In this section, we present numerical examples on the im-
pact of varying the inhomogeneous magnetoplasma slab
parameters on reflection, absorption and transmission of a
transverse electromagnetic waves incident upon the plasma.
We consider an inhomogeneous plasma slab with exponen-
tially increasing density profile such that n = n0 eαx,
where n0 is the maximum density of the plasma at x = a,
α being a positive constant chosen such that the plasma
density ranges exponentially from one tenth of n0 to n0
within the thickness of the plasma slab that is stratified
into N homogeneous sub–layers (see figure 1). We treat
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Figure 2: Real part of the dielectric function versus wave
frequency (GHz) for different collision frequency values.
n0 = 1017m−3, fce = ωce/2π = 28 GHz.

the plasma as a Lorentz gas of non-interacting electrons
and immobile neutralizing background of positive ions im-
mersed in an externally applied uniform magnetostatic field
~B0 = B0x̂. For wave propagation along the applied mag-
netic field, a magnetoplasma of cold electrons and cold ions
supports three wave modes, namely, a longitudinal electron
plasma oscillation (not affected by the magnetic field) and
two transverse right– and left–circularly polarized electro-
magnetic waves. Left circularly polarized waves [positive
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sign of equation 15] are not resonant with the electron mo-
tion. We consider the right polarized waves only.

For collisionless plasma, where the plasma dielectric
function is represented by equation 15 with ignoring the
collisional frequency, EM–waves have two propagation in-
tervals in the frequency range interrupted by a stop band
of frequency ω ∈ (ωce, ωR), where ωR = ωce/2 +
1/2
√
ωce + 4ωpe [36, 43]. The presence of collision, how-

ever, narrows the stop band till it is bridged completely
above a certain collision frequency making the real part of
the dispersion function of equation 15, hence the phase ve-
locity, a continuous function of the wave frequency; higher
collision frequency values reduce the peaks toward ω ≈ ck
value. The real part of the dielectric function versus the
wave frequency is shown in figure 2 for different collisional
frequency values. Here, fce = ωce/2π = 28GHz corre-
sponding to B0 = 1 Tesla and n0 = 1017m−3.
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Figure 3: Imaginary part of the dielectric function versus
wave frequency (GHz) for different collision frequency val-
ues. n0 = 1017m−3, fce = ωce/2π = 28 GHz.

Collision of equation 15 gives the dielectric function an
imaginary part providing a mechanism for wave absorption
within the plasma slab. Figure 3 shows the imaginary part
of the dielectric function for different values of collision
frequency and the same values of equilibrium density and
cyclotron frequency as in figure 2. As expected, the func-
tion peaks at the cyclotron frequency, hence we should ex-
pect high absorption rates in the vicinity of ωce.

In figures 4 to 7, we present numerical results of charac-
terization of EM–wave propagation in the plasma slab de-
scribed in Fig. 1 for a set of parameters that may be useful in
stealth plasma application. Fig. 4 shows the absorbance ver-
sus wave frequency (ω) for different plasma interface den-
sities n0. Parameters used to produce the figure are a = 5
cm, b = 7 cm (width of the R–region is d = b− a = 2cm),
cyclotron frequency fce = ωce/2π = 28 GHz correspond-
ing to B0 = 1 Tesla, and aluminum is used as the metallic
conductor at x = b. The figure shows resonant absorp-
tion peaks at wave frequency in the vicinity of the electron
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Figure 4: Absorbance versus wave frequency (GHz) for dif-
ferent plasma interface densities n0, fce = ωce/2π = 28
GHz.

cyclotron frequency. This peak saturates to full absorption
and broadens on the wave frequency range as the plasma
density increases. This is well understandable since the
higher the plasma density the less transparent it becomes
for a specific wave frequency.
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Figure 5: Absorbance and reflectance versus wave fre-
quency (GHz), fce = ωce/2π = 28 GHz.

The reflectance versus wave frequency curves are the up
side down inverted image of the absorptivity curve since we
have a negligible wave transmission beyond x = b due to
reflection from the good conducting metallic surface. Re-
sult is shown in Fig 5 for reflected and absorbed signals ver-
sus the wave frequency for n0 = 1017 m−3 and the same
parameters of Fig. 4, where the peak corresponds to absorp-
tion and the trough corresponds to reflection. As expected,
absorbance is the flipped curve of reflectance since trans-
mittance is negligible due to the presence of the metal to
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Figure 6: Absorbance versus k0a for three different wave
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the right.
Fig. 6 shows the absorbance versus the normalized

plasma slab width k0a = 2πa
λ0

for different wave frequen-
cies (f = ω/2π), where λ0 is the wavelength of the in-
cident wave. The figure shows increase in absorptivity
as the plasma slab width increases to reach the full ab-
sorption saturation plateau after a certain slab width. The
figure also shows faster absorption saturation as the wave
frequency gets closer to the electron cyclotron frequency
fce = 28 GHz, as expected; for the almost resonant wave
frequency of f = 30 GHz, the curve reaches full absorp-
tion near k0a ≈ 10 corresponding to a plasma slab width of
as small as 1.6λ0. Fig. 7 shows the absorbance versus the
cyclotron frequency fce for three different wave frequen-
cies. For each curve, we see full absorption in the vicinity
of the cyclotron resonant frequency fce = fwave, namely at
fwave = 30, 40, 50 GHz. The width of the peak is deter-
mined by the plasma density [see Fig. 4].

4. Conclusion
In this paper we present analytical and numerical investiga-
tion of the problem of reflection, absorption and transmis-
sion of a transverse electromagnetic wave incident upon a
nonuniform, magnetized plasma slab near a good conduct-
ing metallic wall with wave propagation along a constant
magnetic field as shown in figure 1. The presence of the
conducting surface at x = b allows for the formation of
standing waves and the modification of the total reflection
and transmission coefficients. Derived from basic princi-
ples of the continuity of the tangential field components in
the Maxwell’s curl equation, a forward recursion method is
used to obtain a matrix of global reflection and transmis-
sion coefficients by applying the suitable boundary condi-
tions. The resulting transition matrix is then used to obtain
reflectance, transmittance and absorptivity analytically and
numerically. Numerical investigation shows absorption rate
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Figure 7: Absorbance versus cyclotron frequency fce =
ωce/2π for three different wave frequencies, n0 =
1017m−3.

peaks in the vicinity of the electron cyclotron frequency
that are enhanced by the increase in equilibrium plasma
density, where the plasma transparency to EM–waves de-
creases, hence absorption increases. The numerical results
also show absorption enhancement as the plasma slab width
is increased. Compared with numerical results obtained
using the scattering matrix method (See for example Ref.
[34]), results are in qualitative and quantitative agreement.
The present technique is easy to implement numerically.
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