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Abstract 
A solution to the problem of scattering from a perfect 
electromagnetic conducting (PEMC) circular cylinder   
buried inside a half-space and excited by an infinite electric 
line source is provided. The line source is parallel to the 
cylinder axis, and is located in the other half-space. The two 
half spaces are isorefractive to each other. The source fields 
when incident at the planar interface separating the two half 
spaces, generate fields that are transmitted into the half-space 
where the cylinder is. These fields then become the known 
basic incident fields for the buried PEMC cylinder. 
Scattering of these incidents fields by the cylinder will 
consequently generate fields at the interface that get reflected 
back into the same half-space and transmitted frontward into 
the source half-space, all of which are unknown. Imposing 
appropriate boundary conditions at the surface of the buried 
cylinder and at a specified point on the interface, enables the 
evaluation of these unknown fields. The refection coefficient 
at the specified point is then computed for cylinders of 
different sizes, to demonstrate how it varies with the PEMC 
admittance of the buried cylinder, the intrinsic impedance 
ratio of the two isorefractive half-spaces, and the burial depth 
of the cylinder. 

1. Introduction 
This work encompasses two media which are divided by a 

planar interface and isorefractive to each other. Such media 
have the same wavenumber, but different wave impedances. 
Thus, the field behaviour in these media is different to that in 
a regular dielectric medium. Recently, there has been a quite 
a bit of interest in the open literature, on solutions to problems 
pertaining to isorefractive media [1-4]. 

Obtaining solutions to problems concerning buried bodies 
are valuable, as these may be employed for the detection of 
underground tunnels, mines, pipes, and other similar objects. 
Such solutions, using a range of cylindrical wave expressions, 
have been obtained in the open literature for cylinders which 
are buried in a homogenous/nonhomogeneous ground, in a 
lossy earth, and also buried in quite a few rough surfaces [5-
16]. Numerical solutions for scattering from arbitrary shaped 
buried bodies have been obtained in [17-18] using the Method 
of Moments (MoM). Scattering by a perfect electromagnetic 
conductor half-screen is considered in [19]. 

The objective of this paper is to obtain a rigorous solution 
to scattering from a PEMC circular cylinder buried in a half- 

space, when it is excited by a line source infinitely extending 
parallel to the cylinder axis and placed in the other half-space 
that is separated by a planar interface, and isorefractive to the 
half-space in which the cylinder is buried. 

In [4], a PEC cylinder located at a planar interface between 
two isorefractive half-spaces is considered, with the emphasis 
being on extracting the high frequency asymptotic diffraction 
contribution from the series solution to the problem, by means 
of creeping wave theory, when the PEC cylinder is illuminated 
by a plane wave. In contrast, our work in this paper considers 
the more general case of a PEMC cylinder buried inside an 
isorefractive half-space, and excited by an electric line source. 
Also, unlike in [4], we consider multiple reflections from the 
interface separating the two half-spaces when formulating the 
problem, making the formulation quite plain, and not needing 
the evaluation of any special functions such as Airy functions 
used in [4]. 

Scattering of a normally incident plane wave by a PEMC 
circular cylinder located in free space has been considered in 
[20]. In contrast, our work considers a PEMC circular cylinder 
buried within an isorefractive half-space, the excitation being 
by means of an electric line source, instead of a plane wave, 
and taking into account multiple reflections from the interface 
separating the half-spaces. The customary way of considering 
multiple interactions between the buried circular cylinder and 
the interface is by employing plane wave representation of the 
fields using an infinite integral, with the integration being over 
the wavenumber of the plane wave, making the expressions of 
the fields quite complex. In our work, the fields are expressed 
in terms of simple series expressions involving either Bessel 
or Hankel functions, making the analysis quite simple. 

The fields scattered by the buried PEMC cylinder owing 
to the fields that are incident on it are expressed using a set of 
wave functions and unknown expansion coefficients. Out of 
those fields which are generated as a result of these scattered 
fields being incident on the interface, a portion gets reflected 
back and the remainder gets transmitted into the source half-
space. They also have expansions similar to those of the fields 
scattered by the cylinder. The unknown expansion coefficients 
are evaluated by enforcing appropriate boundary conditions at 
the surface of the PEMC cylinder and at a specified point on 
the interface. This is then repeated for multiple reflections and 
transmissions at the interface and multiple cylinder scatterings 
until a specific reflection coefficient accuracy is attained at the 
above specified point on the planar interface. This method is 
computationally very efficient, as it does not involve inversion 
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of matrices to obtain the unknown coefficients. The following 
sections contain the details of the paper. 

  
Figure 1: Geometry of the buried PEMC cylinder. The 
cylinder is located in an isorefractive lower half-space at a 
distance d from an interface separating the two isorefractive 
half-spaces, and is excited by a line source located in the 
upper half-space. 

2. Formulation  
An infinitely long PEMC circular cylinder of radius a is 

buried in a half-space and positioned at a distance d from a 
planar interface separating this half-space from another one, 
as seen in Fig. 1, with the two half-spaces being isorefractive 
to each other, possessing identical wavenumbers, but 
different intrinsic wave impedances. An infinite electric line 
source that extends parallel to the axis of the cylinder is 
located in the upper half-space at a source point having polar 
coordinates (ρ0,ϕ0), relative to the Cartesian coordinate 
system (x0,y0,z0) in Figure 1, with ϕ0=π. 

Components of the incident electric and magnetic fields 
due to the electric line source can be written using the polar 
coordinates (ρ,ϕ) relative to the Cartesian coordinate system 
(x0,y0,z0) in Fig. 1 and the associated vectors and as 

                      (1)   

               (2) 

where k is the wavenumber in and η0 is the wave impedance 
of the upper half-space, and I is the amplitude of the electric 
line source. The above incident field components can now be 
expanded in terms of cylindrical wave functions for ρ< ρ0 as 

                               (3)  

                        (4) 

where Jn(x) is the Bessel function of order n and argument x, 
the prime denoting the derivative of Jn(x) with respect to x, 
and Hn(2)(x) is the Hankel function of the second kind of order 
n and argument x. The field components of the reflected and 
transmitted waves generated due to the fields from the 
electric line source incident on the planar interface (in the 
absence of the cylinder) can be written as 

              (5) 

                       (6) 

                           (7) 

                          (8) 

where η1 is the wave impedance of the lower half-space, and 
R and T are the reflection and transmission coefficients owing 
to the presence of the interface, which are unknown. These 
can be obtained by imposing the boundary conditions at the 
planar interface at x0=0 as 

                                         (9) 

                             .                                    (10) 

The initial transmitted electric and magnetic fields linked 
to their components given by (7) and (8) when incident on the 
buried PEMC cylinder, will be scattered by it. The co-polar 
and cross polar components of these scattered fields can be 
written as 

                                            (11) 

                                       (12) 

      (13) 

                  (14) 

where and , respectively, are the 
second kind of Hankel function and its derivative with respect 
to the argument, of order n and argument kρ, and (ρ,ϕ)  are 
the polar coordinates relative to the Cartesian coordinate 
system located at the center of the buried cylinder. in (11) 
– (12) and in (13) – (14) are those undetermined co-polar 
and cross polar scattered field expansion coefficients, which 
can be obtained by applying the PEMC boundary condition 
at the surface of the buried PEMC cylinder. The explicit 
expressions for these coefficients can be written as [20] 

                (15) 

                           (16) 

where M is the PEMC admittance of the PEMC cylinder, and 

        .          (17) 

The co-polar ( , ) and the cross polar ( , ) 
components of the scattered field in (11)–(14) incident on the 
planar interface, generate transmitted co-polar ( , ) 

and cross polar ( , ) field components propagated 
forward into the upper half-space, as well as reflected co-
polar ( , ) and cross polar ( , ) field 
components propagated back into the lower half-space as 
second order field components that are subsequently incident 
on the buried PEMC circular cylinder. These transmitted field 
components can be expressed in the form 
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                                             (18) 

      (19) 

      (20) 

                                            (21) 

and the reflected field components in the form 

                                    (22) 

                        (23) 

                          (24) 

                        (25) 

where (ρimag,ϕimag) are the polar coordinates pertaining to the 
Cartesian coordinate system located at the center of the image 
cylinder as shown in Fig. 2,  and  are the unknown co-
polar transmitted and the co-polar reflected field coefficients, 
respectively, and  and  are the analogous unknown 
cross polar field coefficients. 

 
Figure 2: Buried PEMC circular cylinder in the lower half-
space and its image in the upper half-space. 

Imposing the electric and magnetic field boundary conditions 
at the point P on the interface (see Figure 2) corresponding to 
ρ=ρimag=d, ϕ=π, and ϕimag=0, given by 

                   (26) 
         (27) 
                        (28) 
                   (29) 

yields the unknown coefficients. Substituting from (11)–(14) 
and (18)–(25) in (26)–(29), and considering the orthogonality 
of the exponential functions, we obtain 

                      (30) 

       (31) 

with 

                     (32) 

and 

                     (33) 

 .      (34) 

The propagating reflected fields which correspond to their 
components given in (22) – (25), upon reaching the buried 
PEMC cylinder, act as secondary incident fields and generate 
higher order scattered fields. 

According to Graf’s addition theorem, these reflected 
field components that act as secondary incident field 
components can be expressed as 

                                 (35) 

                                (36) 

where 

                                   (37) 

                          .        (38) 

      The corresponding magnetic field components can then 
be obtained using Maxwell’s equations. 

      In response to the secondary fields incident on the buried 
cylinder, the components of the fields scattered by it can be 
obtained from (11) – (14), by replacing the superscript 0 by 
1. The unknown coefficients with superscript 1 are then 
obtained by imposing the PEMC boundary condition at the 
surface of the PEMC cylinder. The resulting equations can be 
written as 

       (39) 

with ℵ11,n and ℵ21,n obtained from (15) and (16), respectively, 
when An=–1. ℵ12,n = –ℵ21,n and ℵ22,n can be obtained from ℵ11,n 
by replacing its functions with the derivatives with respect to 
the argument, and vice versa. 

Using the coefficients in the left-hand side of (39) in (30), 
(31), (33), (34), (37), and (38) after altering the superscripts 
of the coefficients in these equations from 0 to 1, the 
coefficients with superscript 1 on the left-hand side of these 
six equations can be evaluated. Repeating this sequence 
allows calculation of other unknown expansion coefficients 
with superscripts 2, 3, 4, etc. 

The components of the total electric field in the half-space 
above the planar interface are given by 

          (40) 

 .         (41) 

The co-polar and cross polar reflection coefficients can 
then be written as 
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          (42) 

        .         (43) 

3. Numerical Results 
 Results are presented to show how the co-polar and cross 
polar reflection coefficient magnitudes at the point P in Fig. 1, 
vary with the size of the buried cylinder, for PEMC cylinders 
of different PEMC admittances, of different burial depths, and 
for different impedance ratios of the two isorefractive media. 
For convenience, all the normalized PEMC admittances have 
been expressed in the dimensionless form Mη1 = tan ν. 

 To validate the formulation and the results obtained for a 
buried PEMC cylinder, we compare the results obtained using 
this formulation for ν=90o and ν=0o, with the corresponding 
results obtained for buried perfect electric conducting (PEC) 
cylinders and perfect magnetic conducting (PMC) cylinders, 
respectively. For the cases of PEC and PMC cylinders, there 
are no cross-polar field components. Therefore, the expansion 
coefficients of the initial co-polar scattered field components 
are given by 𝐵" = 𝐽"(𝑘𝑎)𝐴"/𝐻"

(,)(𝑘𝑎)  for the PEC cylinder 
and by 𝐵" = 𝐽"- (𝑘𝑎)𝐴"/𝐻"

(,)-(𝑘𝑎) for the PMC cylinder. In Fig. 
3 we show comparisons of |Γcp|  at P for a circular cylinder 
buried in an isorefractive medium at a depth of 2.5 cm from 
the planar interface, when η0/η1 = 0.4 and the electrical radius 
ka of the cylinder varies from 0.05 to 1.6. Each of the cylinders 
is excited by an electric line source located at 3.0 cm from the 
interface. As can be seen, the results are in good agreement, 
verifying the validity of the formulation and the software used 
to obtain the results. 

 
Figure 3: Comparing the variations of reflection coefficient 
magnitudes with ka for buried PEMC circular cylinders of 
radius a, with d=2.5 cm, ρ0=3.0 cm, and η0/η1 = 0.4, for ν=0o 
and ν=90o, with those for equivalent PMC and PEC cylinders.  

 Figure 4 shows the variations of |Γcp| and |Γxp| at P for a 
PEMC circular cylinder buried in an isorefractive medium at 
a depth of 2.5 cm from the planar interface, for five different 
values of Mη1, when η0/η1 = 0.5 and the electrical radius ka of 
the cylinder varies from 0.05 to 1.6. The electric line source 
creating the excitation is located in the isorefractive medium 
above the planar interface at a distance of 3.0 cm from it, and 
is of unit amplitude. In Fig. 3(a), the minima shift to the right 

and their sharpness increases with increasing ν. In Fig. 4(b), 
we see that the curves for ν=15o and ν=75o are essentially the 
same and so are those for ν=30o and ν=60o. Also, variations of 
|Γcp| with ka are much rapid, when they are compared with the 
corresponding variations of |Γxp|. 

 
(a) 

 
(b) 

Figure 4: Variations of the reflection coefficient magnitudes 
with ka for buried PEMC circular cylinders of radius a, with 
d=2.5 cm, ρ0=3.0 cm, and η0/η1 = 0.5, for five different values 
of ν; (a) co-polar coefficient; (b) cross polar coefficient. 
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Figure 5: Variations of the total electric field magnitudes at P 
with ka for the buried cylinders of radius a in Fig. 4. 

   Variations of the total electric field magnitudes at P with ka 
for the buried cylinders of radius a in Fig. 4 are shown in Fig. 
5. Here we observe that the field magnitudes are rather high 
for smaller cylinders. Also, for 0.45≤ka≤1.0, the magnitudes 
of the fields decrease as ν increases, whereas for other values 
of ka, the field magnitudes increase with ν. 

   Figure 6 shows the variations of |Γcp| and |Γxp| at P for the 
setup considered in Fig. 4, for 5 different impedance ratios of 
the isorefractive media defined by yr= η1/η0, when the PEMC 
admittance of the buried cylinder is given by Mη1 = 1, and its 
electrical radius varies from 0.05 to 1.6. As yr increases from 
2.0 to 6.0 a similar sort of variation can be seen in the curves 
corresponding to both Figs. 6(a) and 6(b). But in Fig. 6(a), 
the magnitudes of the curves for a particular ka increase as yr 
increases, whereas in Fig. 6(b), they decrease. 

 
(a) 

 
(b) 

Figure 6: Variations of the reflection coefficient magnitudes 
with ka for buried PEMC circular cylinders of radius a, with 
d=2.5 cm, ρ0=3.0 cm, and ν =450, for five different values of 
yr; (a) co-polar coefficient; (b) cross polar coefficient. 

Figure 7 shows the variations of |Γcp| and |Γxp| at P for the 
setup considered in Fig. 4, for 5 different burial depths d of 
the cylinder, when the PEMC admittance of the buried 

cylinder is given by ν=75o, and when its electrical radius 
varies from 0.05 to 1.6. As d increases from 2.0 to 2.8, the 
minima in Fig. 7(a) shift to the left, and their magnitudes 
increase. Also, variations of |Γcp| with ka in Fig. 7(a) are much 
rapid, when they are compared with the corresponding 
variations of |Γxp| in Fig. 7(b), and |Γxp| in Fig. 7(b) for a 
particular ka decreases steadily, as the burial depth d 
increases. 

 

                                                          (a) 

 

                                                             (b) 

Figure 7: Variations of the reflection coefficient magnitudes 
with ka for buried PEMC circular cylinders of radius a, with 
ρ0=3.0 cm, η0/η1 = 0.5, and ν =750, for five different values of 
the burial depth d; (a) co-polar coefficient; (b) cross polar 
coefficient. 

4. Conclusions 
A rigorous solution that is based on the multiple reflection 

of waves has been obtained for scattering by a PEMC circular 
cylinder buried in a half-space separated by a planar interface, 
when it is illuminated by an infinite electric line source 
located in the other half-space, with the half-spaces being 
isorefractive to each other. The presented solution is efficient, 
as it does not require inversion of matrices. The obtained 
numerical results are portrayed in the form of co-polar and 
cross polar reflection coefficient magnitudes, to exhibit how 
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they vary with the size, and PEMC admittance of the buried 
cylinder, with the burial depth, and also with the impedance 
ratio of the isorefractive media. Moreover, results for 
analogous PEC and PMC buried cylinders can be obtained 
from this analysis, as special cases. The solution process 
could also be used for solving related inverse scattering 
problems. 
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