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Abstract
A new formula for calculating the optimum width of a
Substrate Integrated Waveguide (SIW) corresponding to the
first mode is presented in this paper. Finite Difference Fre-
quency Domain (FDFD) method is applied to analyze the
waveguide structure where geometrical parameters of the
SIW are iteratively varied in order to minimize the gap be-
tween cutoff frequencies of SIW structure and that of an
equivalent conventional rectangular waveguide. Adequate
parameters are used to derive the new formula. To verify
the accuracy of the new formula, several waveguides are de-
signed and analyzed using the commercial software HFSS.
The calculated propagation constants are compared with
experimental measurements from literature, a very good
conformity is obtained.

1. Introduction
Substrate Integrated Waveguide (SIW) technology repre-
sents henceforth an important part of planar circuits. It
consists of a metalized substrate on upper and lower sides,
metal holes of diameter d and longitudinal centre-to-centre
spacing p to form two rows that reduce lateral radiation
losses (Figure 1). The cage structure appears to be a
conventional rectangular waveguide. This technology can
largely preserve the advantages of the classical rectangu-
lar waveguide (such high-quality factor and low-loss by ra-
diation), and the advantages of planar circuits (simplicity
of realization, low cost and high integration with the ac-
tive components on the same substrate). Due to the ad-
vantages of this new technology, a variety of microwave
components such as couplers, isolators and phase shifters
are designed and marketed for different frequency bands.
To have the same propagation and dispersion characteris-
tics of a conventional rectangular waveguide, the design of
SIW starts by determining the equivalent waveguide width
for the desired cutoff frequency and a chosen substrate per-
mittivity. For this reason, the equivalent width has a cap-
ital importance in the design of SIW circuits. To deter-
mine SIW’s equivalent waveguide width, several formulas
have been proposed in the literature. The most popular for-
mula is presented in [1], where the BI-RME method is used
to calculate admittance matrix of a periodic cell. corre-
spondence between the cutoff frequency and SIW’s width
is derived. In reference [2], a Mode-Matching Technique
(MMT) is used, where a circular-to-square via conversion
is employed. The optimal width is obtained by minimizing

the reflection between an equivalent waveguide and SIW
structure. Authors of [3] have employed an approach based
on a Method of Moment (MoM), where the equivalence on
propagation and cutoff frequency between SIW and rectan-
gular waveguide are investigated to find an equation which
gives the equivalent width. Finally, an empirical formula
giving the normalized width of the equivalent waveguide is
presented in [4]. In this paper, we present a new formula for
calculating SIW’s optimum width in function of equivalent
width Weq and via diameter to via pitch ratio (d/p). The
Finite Difference Frequency Domain (FDFD) method, im-
plemented in Matlab, is applied to extract the propagation
characteristics of the SIW structure. Note that the propaga-
tion characteristic accuracy of SIW structure is an important
criterion in any successful design of SIW-based circuits.

(a)

(b)

Figure 1: Structural parameters of: (a) An equivalent rect-
angular waveguide. (b) A substrate integrated waveguide.
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2. The equivalent width of the SIW
A substrate integrated waveguide and an equivalent rectan-
gular waveguide are shown in figure 1. Several formulas
linking both widths are presented in the literature. In this
section, we will summarize the most popular formulas. The
most simple is given by equation 1. The Boundary Integral-
Resonant Mode Expansion (BI-RME) method [5, 6], com-
bined with Floquet’s theory, is used to find the propagation
constant of the structure. The precision of (1) is 5 % ac-
cording to [1].

WSIW =Weq −
d2

0.95p
(1)

Equation 2 gives a recent formula [2], based on the Mode-
Matching Technique (MMT) [7, 8]. The error of this equa-
tion is within 1.2 % of the original data [2].

WSIW =Weq + p(0.766e0.4486d/p − 1.176e−1.241d/p) (2)

Equivalence on propagation constant and cutoff frequency
between a rectangular waveguide and SIW are established
using an analytical approach of the Method of Moment
(MoM) [9, 10]. An average accuracy of 4 % is assured by
the formula given by equation (3) [3].

WSIW =
2Weq

π
cot−1(

πp

4Weq
log(

p

2d
)) (3)

An experimental formula is given for the normalized width
of the equivalent waveguide. The relative error of the for-
mula is below 1% [4].

WSIW =Weq × (x1 +
x2

p
d + x1+x2−x3

x3−x1

) (4)

where :
x1 = 1.0198 + 0.3465

Weq
p −1.0684

x2 = −0.1183 + 1.2729
Weq

p −1.2010

x3 = 1.0082 + 0.9163
Weq

p −2152

3. Method of analysis
In this work, we will not dwell on the detailed mathematic
formulation of FDFD technique; we will only give some
outline of the method. We take advantage of periodicity of
SIW structure to restrict the analysis to a single period. A
unit cell of SIW with geometrical parameters is shown in
figure 2. This structure is analyzed with Finite Difference
Frequency Domain (FDFD) method [11, 12], for determin-
ing the propagation characteristics. Electric and magnetic
fields for the periodic structure can be expressed as given in
equation (5), according to the Floquet´s theorem [12].

G(x, y, z) = g(x, y, z)e−γz (5)

where γ is the propagation constant (γ = α + j β), G(x,y,z)
is the electric (magnetic) field, and g(x,y,z) represents the
periodic function of the electric (magnetic) field. to model

this kind of structure, boundary conditions must be applied.
We assumed that the upper and bottom planes are perfect
electric conductors (PECs) and we used a perfectly matched
layer absorbing boundary conditions (PML ABCs) for the
lateral walls.

Figure 2: Top view of a unit cell of periodic SIW.

By applying these boundary conditions, Maxwell´s curl
equations can be expressed in a split form, where each com-
ponent of the electromagnetic field is split into two parts,
so the six field components give twelve sub-components in
Cartesian coordinates [13].

∇× E = −jωµH (6)
∇×H = jωεE + J (7)

The longitudinal components on the Z-axis, ez and hz, are
eliminated by combining the electromagnetic fields with a
split form.

jωµhxy + σ∗
y(x)hxy = −∂(ezx + ezy)

∂y
(8.a)

jωµhxz =
∂(eyz + eyx)

∂z
− γ(eyz + eyx) (8.b)

jωµhyz = −
∂(exy + exz)

∂z
+ γ(exy + exz) (8.c)

jωµhyx + σ∗
x(y)hyx =

∂(ezx + ezy)

∂x
(8.d)

jωµhzx + σ∗
x(z)hzx = −∂(eyz + eyx)

∂x
(8.d)

jωµhzy + σ∗
y(z)hzy =

∂(exy + exz)

∂y
(8.f)

jωεxexy + σy(x)exy =
∂(hzx + hzy)

∂y
(8.g)

jωεxexz + σz(x)exz =
∂(hyz + hyx)

∂z
+ γ(hyz + hyx)

(8.h)

jωεyeyz + σz(y)eyz =
∂(hxy + hxz)

∂z
− γ(hxy + hxy)

(8.i)

jωεyeyx + σx(y)eyx = −∂(hzx + hzy)

∂x
(8.j)
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jωεzezx + σx(z)ezx =
∂(hyz + hyx)

∂x
(8.k)

jωεzezy + σy(z)ezy = −∂(hxy + hxz)

∂y
(8.l)

Where σ and σ∗ denote, respectively the electric and mag-
netic loss. The number of unknown variables is then re-
duced and the problem can be simplified to a standard ma-
trix eigenvalue problem.

Cx = γx (9)

The roots of an eigenvalue equation are the propagation
constants for a given frequency. For more details about
FDFD algorithm and the problem formulation, the reader
will find a full description, including every formula re-
quired for Matlab modelling, in reference [13]. The used
idea is to vary Wsiw/Weq ratio according to d/p ratio, where
the cutoff frequency and the relative error are calculated for
each combination. For reasons of precision, we only choose
the combinations associated with a relative error less than
1%. We note that via diameter to via pitch ratio should be
between 0.5 and 0.8 to keep the attenuation constant due
to radiation loss smaller than 1dB/m [14]. The structure
under consideration is operating on X-band with a cutoff
frequency fc= 6.653 GHz, a relative permittivity εr of 2.33
and 10 pairs of via holes (about a half wavelength). In fig-
ure 3, Wsiw/Weq ratio versus d/p ratio is presented. A least

Figure 3: Optimum ratios giving the closest cutoff fre-
quency for fc=6.653 GHz and εr = 2.33

square approach is used to approximate this curve by the
formula (10). Good accuracy of the formula is obtained;
the relative error is about 1%.

WSIW =Weq×(0.1172(
d

p
)2−0.068(

d

p
)+1.0282) (10)

4. Results
To test the accuracy of this formula, a substrate integrated
waveguide containing 20 pairs of via holes is designed and
analyzed using the HFSS software. The width of the guide
is calculated by the formula 5 and by the formulas reported
in [1]- [4]. To get a cutoff frequency closest to the practical
cutoff frequency of a rectangular waveguide, an optimum
ratio d/p corresponding to the lowest relative error is cho-
sen and in order to cover a large band, this procedure is
repeated for many frequencies (from the R-band to the E-
band). Figure 4 shows the relative errors obtained. We can
observe that the accuracy of formula 5 is comparable with
those of the formulas presented in [1]- [4] and our formula
presents the weakest relative error. However, formula 3 is
less precise than the other formulas. Dispersion character-
istics of SIW structure are investigated in this section. For
different substrates and different values of frequency band
and d/p ratio. The return loss of each guide is obtained with
the commercial simulation software HFSS.

Figure 4: Relative error of different formulas

The first example refers to a SIW operating in X-band at
10 GHz. We used an RT/Duroid 5870 dielectric substrate
with εr = 2.33 and tgδ = 0.0012. The SIW dimensions
are: Weq=14.97 mm, p=1 mm, d=0.65 mm and h=0.508
mm. Another SIW structure, operating in K band (15 to
22 GHz), was also analyzed in the second example using
Neltec NH9350 dielectric substrate with εr = 3.5 Dimen-
sions of the SIW are: Weq=6.86 mm, p=1 mm, d=0.8 mm
and h=0.508 mm. The last test is with a waveguide oper-
ating on 22 to 33 GHz band charged with Mica substrate,
εr = 5.7. Optimum width is Weq=2.50 mm for p=1 mm,
d=0.8 mm and h=0.508 mm. Figure 5 shows the return
loss of the structure for different widths calculated from
different formulas. It can be observed that the return loss
is lower than -20 dB over the entire frequency band, re-
sults are very close. However, the picks of the return loss
are phase shifted in frequency from one guide to another
due to the difference of the width between the guides. For
the figure 5 (a) especially in relatively high frequency, the
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(a)

(b)

(c)

Figure 5: Reflection coefficient of a SIW obtained by HFSS
for: (a) εr = 2.33, Weq=14.97 mm, p=1 mm, d=0.65 mm,
h=0.508 mm. (b) εr = 3.5, Weq=6.86 mm, p=1 mm, d=0.8
mm, h=0.508 mm. (c) εr = 5.7, Weq=2.50 mm, p=1 mm,
d=0.8 mm, h=0.508 mm.

impact of the difference between the widths is important
whose slight error considerably affects the return loss. In
term of return loss, the proposed formula has a similar ac-
curacy compared to other formulas.
Figure 6 shows the simulated phase constant for the first
mode TE10 compared to the measured phase constant re-
ported in [1] and [15]. From these figures, we see that
the SIW structure designed by using the proposed formula
(5) has the same propagation characteristics of a practical
waveguide. Proposed formula presents a good precision.

(a)

(b)

Figure 6: Propagation constant of fundamental mode TE10
versus frequency for: (a) εr = 2.2, d=0.8 mm, p=1.5 mm,
Weq=4.8 mm. (b) εr = 9.9, d=0.635 mm, p=1.016 mm,
Weq=3.97 mm.

5. Conclusions
The FDFD method is used to obtain the propagation char-
acteristics of a substrate integrated waveguide. Based on
the FDFD technique, an approach was used to find a for-
mula for calculating the optimal width of the guide. The
new formula permits a direct calculation of optimum width
of SIW, without resorting to an iterative method or solving
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a high-order polynomial. The accuracy of the new formula
is investigated by the design of two guides whose propa-
gation constants are compared with measurement results.
Obtained results proved that the optimum width calculated
by the new formula gives similar propagation characteris-
tics as the practical waveguide.
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