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Abstract

The last decades have witnessed the growing interest in the
use of photonic crystal as a new material that can be used
to control electromagnetic wave. Actually, not only the
periodic structures but also the quasi-periodic systems
have become significant structures of photonic crystals.
This work deals with optical properties of dielectric Thue-
Morse multilayer and Period-Doubling multilayer
generated by:

Thue-Morse: H— HL,L — LH

Period-Doubling: H — HL,L — HH

Where H and L are two elementary layers with refractive
indices nL = 1.45 and nH = 2.3 respectively, and a
thickness on the order of A/4 where A is the wavelength of
the light. In the following numerical investigation, we
chose SiO2 (L) and TiO2 (H) as two elementary layers.
We use the so-called Transfer Matrix Method (TMM) to
determine the reflection spectra of the structures. Based
on the representation of the transmittance spectra in the
visible range a comparative analysis depending on the
iteration number, number of layers and incidence angle is
presented.

1. Introduction

The past two decades have seen a tremendous increase in
interest in the field of photonic crystals [1-4]. These
microstructured optical materials are characterized
through a spatially periodic or quasiperiodic modulation
in their index of refraction [5-7]. During the last decade
we have come to realize that ordered matter domains can
be suitably expanded to embrace not only periodic
arrangements but quasiperiodic ones as well [6,8].

The recent studies of PBG quasiperiodic systems, were
directed towards the quasiperiodic multilayer structures,
in particular the one-dimensional structures with
distribution of Fibonacci, Cantor, Thue-Morse, Period-
Doubling..., in order to find best optical performances for
the contribution in the optical devices development. One
of the most important properties of a quasiperiodic
photonic crystal is that it presents a gap which makes it
possible to control the spontaneous emission [9] by
prohibiting the propagation of the electromagnetic wave.
We cite among other applications, optical

fibers, waveguides operating at wavelengths of
telecommunications, light emitting diodes.

This study focuses on one-
dimensional structures using the Transfer Matrix Method
(TMM) for the calculation of the transmission coefficients
or the reflection coefficients for the two types of
polarizations:  S-polarization (TE mode) and P-

polarization (TM mode).

2. Model and calculation method

2.1. Thue-Morse sequence

The Thue-Morse (TM) sequence is extensively studied in
the mathematical literature as the prototype of a sequence
generated by the substitution rule

H—-HL,L —-LH [10-12], we can deduce all

subsequent orders of the Sy sequence, where k is the order.
One can formulate the sequence in the following way:

S =H
S+ = Sk Sk
Sk+] = SkSk

An example of generation of the Thue-Morse sequence
is presented below (Fig. 1):
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Figure 1: Generation of the Thue-Morse sequence



The number of layers in this increases geometrically,
™, = 2* Wk e N (x), where k indicates the iteration

order. The calculation by iteration can validate that the
number of low (L) and high (H) index layers are equal
respectively:

™) =2 2)
and
™) = 2" 3)

2.2. Period-Doubling sequence

The Period-Doubling substitution sequence can be defined
via a binary alphabet {H, L}and a set of simple mapping
rules H—HL,L —- HH , with the symbol H as an

initiator. The first several PD generations are H, HL,
HLHH, HLHHHLHL, etc [10,13,14]. A schematic
presentation of PD multilayer is shown in Fig. 2.
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Figure 2: Generation of the Period-Doubling sequence

Otherwise, the Period-Doubling, PD; with j = 0, 1, 2
..., are characterized by the inflation scheme:

S, =H

S, =HL “)
2

Sj+1 = Sij_l

For such a structure the number of the layers, high
index (H) and low index (L), at the i™ iteration is given by
applying the initial conditions: PD;=1 and PD,=2, we
obtain then, is equal to:

= The total layer number (high and low index):

PD, =2' Vi€IN )
= The low index layers number (by applying the

initial conditions: PD,=1 and PD,=0):
2 1

PDF = 22" +-(-1) Vi=2 (6)

3 3
= The number of low index layers:
PD =%2i —%(—1)i Vi=2 @)

2.3. Transfer Matrix Method (TMM)

We employ the Transfer Matrix Method (TMM), is used
to extract transmission and reflection spectra, consider
their sensitivity to material and geometrical variation. It
can solve the problem of the photonic band structures and
the scattering (transmission and reflection) spectra. For
stratified layers within m layers (Fig. 3), the amplitudes of

the electric fields of incident wave E; , reflected wave E;

and transmitted wave E*

m+l1

via the following matrix [15]:

E(; =C1C2C3"'Cm+l E+m+| (8)
E, ittt (E:

m+l

after m layers can be related

The C; (propagation matrix) for the j™ sequence can be

written:

eXp(i¢j—1 ) I, exp (‘i¢j—1 )
C = . . ©)
T eXp<1¢j—1 ) exXp (—1¢j_1 )

¢;, indicate the phase shift of the wave

between ( j—l)th and j" boundaries and can be obtained
by:

O, = 0 (10)
o, = Tnj_ldj_l cosB,, (1D

The Fresnel coefficients t j and r; can be expressed as
follows by using the complex refractive index ﬁj and the

complex refractive angle 6,

For parallel P- polarization (TM mode):

: _ng cosﬁj—njcos@jf1 (12)
oA ~
n;,cos6;+n;cos6

ZﬁH cos,
== - (13)
n;,cosb; +n;cosH;

tjp

Moreover, for perpendicular S- polarization (TE mode):

o n., cosejf1 -1, cosE)j (14)
» i, cos6, , +10,cos0,

¢ =2 n,;, cos GH

(15)

n;, cos ijl +1; cos Gj

For both polarizations S and P the transmittance
energy T are reduced as:



n 0

T, = Re| et St g 1 (14)
n, cos 0,
N 0

T, =Re m |tp|2 (15)
n, cos0,

Re: indicates the real part.

Figure 3: Multi-layer system with p components.

Basing on the matrix method we make an iterative
algorithm calculation which enables us to determine the
transmission spectra’s of the study structures, we
developed thereafter a script under the MATLAB
computer programming language, which can extract the
photometric response of a filter constructed bya
dielectric multilayer system according to the
distribution of Period-Doubling and Thue-Morse.

3. Numerical results and discussion

For the sake of numerical calculation we take SiO,/TiO,
dielectric material with low and high index contrast. The
refractive index for is SiO, n; =1.45 and for is TiO,
ny=2.3, with central wavelength equal to Ay=0.5um.

We studied under normal incidence the effect of the
iterations on the reflection spectra of the structures built
according to the Period-doubling and Thue-Morse
sequences (fig. 4), shows that when the number of
iteration (k) increases, the spectral bands narrow and
become  increasingly = cumbersome,  And then the
appearance of new PBG in the visible spectral range.
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Figure 5: Evolution of BPG width (around A()
according to the generation order (k) of the Period-
Doubling sequence

For a dielectric multi-layer system according to the Period-
Doubling distribution, the transmission spectra (Fig.
4) shows the presence ofa photonic band gap centred
around Ay=0.5um. The PBG width increases exponentially
(Fig. 5) as a function of the iteration (k). It is also noticed
that for large values of the generation order (k) (starting
from the 8" iteration), we see the presence of multitudes of
transmission peaks where the multilayer system become
like a polychromatic filter.

On the other hand for a photonic system according to
the distribution of Thue-Morse one notes the presence of
the oscillating peaks around XAy, where the value of
transmission to Ay=0.5um is null whatever the order of
generation.

We show the appearance of optical windows
(transmission peak) in the band gap for the photonic
multilayer according to the Thue-Morse distribution,
these optical windows always keeps a fixed position in the
spectral range whatever the value of generation (k=5)
of multilayer systems:

= st optical window at 0.6172 um
=  2nd optical window at 0.7034 um
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Figure 4: Reflection spectrum versus the multilayer structure according to the distribution of Period-Doubling and
Thue-Morse distributions for the 5t, 6th, 7th, 8th generations.

To study the polarization effect we plotted the reflection
spectra of  multilayer  systems according to  the
distributions of Period-Doubling and Thue-Morse,
depending on incidence angle 0 (rad) of the polarized
wave in TE and TM modes (fig.6 and fig.7).
And then projecting the spectrum on the (oxy) plane to
find the band gap, the white areas represent propagation
bands, and the blue areas forbidden bands, where R > 99.9
%. And we chose the 5™ generation of the sequences of
Thue-Morse TM (5) and Period-Doubling PD (5) (Fig.6
and Fig 7).
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Figure 6 : (a) Transmission spectra of the photonic
multilayer system according to the distribution of
Thue-Morse for the 5th generation
TM(5), mode TM. (b) Transmission spectra of the
photonic multilayer system according to the
distribution of Thue-Morse for the 5th generation
TM(5), mode TE. (c) Photonic band structures for
the TM(5), where R > 99.9 %.
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Figure 7: (a) Transmission spectra of the photonic
multilayer system according to the distribution of
Period-Doubling for the Sth generation
PD(5), mode TM. (b) Transmission spectra of the



photonic  multilayer  system according to  the
distribution of Period-Doubling for the S5th generation
PD(5), mode TE. (c¢) Photonic band structures for the
PD(5), where R > 99.9 %.

As shown in Fig. 6.c and Fig. 7.c, the absence of
unidirectional PBG, but one notes the appearance of the
partial forbidden band (partial-PBG), where the

prohibition of propagation wave in the structure is limited
in a defined interval of the opening angle of the incident
wave.

The table 1 presents the structural and the optical aspects
differences between the two photonic systems TM (5) and
PD (5).

Table 1: Structural and optical aspects of the two photonic systems TM (5) and PD (5)

TM(5) PD(5)
Layer distribution HLLHLHHLLHHLHLLHLHHLHLLHHLLHLHHL HLHHHLHLHLHHHLHHHLHHHLHLHLHHHLHL
Layer number 32 32
Omni-directional 0 0
PBG number
Partial PBG
3 1
number
AE[0.695um 0.735um]
AX=0.04pum
with 0E€[0 0.226m]
) AE[0.5946pum 0.6118um] AE[0.4628um 0.4975um]
Partial PBG AA=0.0172um AX=0.0347um
spectral range
with 0€E[0 0.0568x] with 0€[0 0.26297]
AE[0.4210um 0.4355um]
AX=0.0145pm
with 0€E[0 0.0568x]

4. Conclusion

The results presented in this paper are based on numerical
calculations optical properties of the one-dimensional
multilayer Period-Doubling and Thue-Morse quasi-
periodic photonic crystals by using the Transfer Matrix
Method. We show that for the normal incidence a photonic
system according to the distribution of Period-Doubling,
presents forbidden bands, the largest
is centered around Ay = 0.5um, where its width increases
with the value of the iteration (k).On the other hand for the
distribution of Thue-Morse one notes the absence of band
gaps around Ao = 0.5um, but notices the presence of the
optical windows which appear in the other band gaps.

For oblique incidence we studied the transmission spectra
for TEand TM mode, we foundthe absence of
omnidirectional-PBG and the appearance of partial-PBG,
where their numbers and their spectral ranges depend
on type of distribution of multilayer.
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